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MOREAU’S SWEEPING PROCESS

Given a separable Hilbert space H, with scalar product (-, ) and
norm |- |, a final time T > 0, a set-valued mapping

C:[0,T] — 2"
with C'(t) # 0, closed, and convex for all ¢ € [0, T,
and ug € C(0),

we look for u:[0,7] — H, v e WHY0,T; H) fulfilling

(SP)

{u’(t) + 0lcw(u(t)) 20 forae. t € (0,7),
u(0) = uy.



MOREAU’S SWEEPING PROCESS

e A special case of (SP) is the evolution variational inequality

find v:[0,T] — H with v(0) = vy and for a.e. t € (0,7

v(t) e C', W(t),v(t) —w) < (f(t),v(t) —w) YweC"
o Let Ne()(u(t)) be the outward normal cone to C(t) at u(?) :
then (SP) may be rephrased as

—u'(t) € Now(u(t)) forae. t e (0,7).

Applications: in NON-SMOOTH MECHANICS, (e.g., elastoplastic-
ity), CONVEX OPTIMIZATION, MATHEMATICAL ECONOMICS.



UNIQUENESS FOR (SP)

Let uy, uy € WHH(0,T; H) be two solutions (SP) with data u,"
and u,° : then for a.e. t € (0,7,

u(t) € C(t), (u'(t),v—u(t)) >0 Yoelk), (1)
us(t) € C(t), (ua'(t),w —us(t)) >0 Ywe C®t). (2)

Choose v = wuy(t) in (1), w = wuy(t) in (2), sum them up and
integrate in time: then,

/0 (11 (5) — us'(8), w1 (5) — ua(s))ds < 0,

whence the continuous dependence estimate (= uniqueness)

i () — us(B)]? < Jui® —us?] for ae. t € (0,7).



APPROXIMATION: THE CATCHING-UP ALGORITHM

Notation: Given z € H and A, B C H,
proj(x, A) is the projection of z on A,

e(A, B) := sup gnl{; la — b| the Hausdorff semidistance of A and B,
acA b€

dy (A, B) := max{e(A, B),e(B,A)} their Hausdorff distance.

Approximation: Fix a time step 7 and a partition of (0,7)
o =0<ti<...<tp,<...ty=1,t,—t,_1=T1.
Define recursively {U"}Y_ by

U =y, U= proj(U", C(tn+1)) € C(tn+1)
and consider the piecewise constant interpolants

U,t)=U", tha<t<t,, n=1...,N.



EXISTENCE FOR (SP)
Assume that C : [0,T] — 2" has finite retraction on [0, 7], i.e.
for every [s,t] C [0,T]

k

ret(C; s,t) := sup { Z e(C'(si—1),C(s5)) :

i=1
Sp =8 < ...< S ::t} < +00.
E.g., when C' is Lipschitz w.r.t the Hausdorftf distance
dn(C(t),C(s)) < L|t —s| Vs, t,e [0,T].
Let r : |0, T] — |0, +00) be the non-decreasing function fulfilling
r(t) —r(s) :=ret(C;s,t) Vs, t€[0,T], s <t.



EXISTENCE FOR (SP)

A priori estimates: under these assumptions, we have
U | 0.0+ Varp g (U,) < Cir(t)+Cy < C YVt € [0,T], V71 >0.

Compactness of the approximate solutions: there exist a
subsequence {U,, } and v € BV (|0,T]; H) such that

U, (t) — u(t) weakly in H for every t € [0,T],
Varp g(u) <r(t) —r(s) V|[s, t] C[0,T].

Theorem [Moreau]. If the retraction function
ris absolutely continuous on |0, 7],

then u € WH1(0,T; H) and it is the unique solution to (SP).



FROM A VARIATIONAL TO A QUASIVARIATIONAL PROBLEM

(Given a set-valued funtion

K :[0,T] x H— 2" with non-empty, convex, and closed values,
and ug € K (0, uyp),

let us consider the quasivariational sweeping process

u'(t) + Okt uey(u(t)) 20 forae. t e (0,7),
(QSP)
u(0) = up.
e (QSP) arises in QUASISTATICAL EVOLUTION PROBLEMS with
friction, MICRO-MECHANICAL DAMAGE MODELS, and the evolu-
tion of SHAPE MEMORY ALLOYS, and includes quasivariational
evolution inequalities as special cases.



EXISTENCE FOR (QSP)

Main difficulty: the moving set K(t,u(t)) also depends on the
current state u(t) : it is a state-dependent process.

A first existence result: |KUNZE-MONTEIRO MARQUES, ’98].

Assume that K is Lipschitz continuous w.r.t the Hausdorff
distance, i.e. 3Ly, Ly > 0s.t. Vs, t € [0,T],u,v € H

dH(K(t,U),K(S,”U)) < Lllt o 8| + L2|u o U’ Ly <1,

and fulfils a compactness assumption.

Then, (QSP) has a Lipschitz continuous solution u : [0,T] —
H ., which is the limit of the approximate solutions yielded by the
implicit catching-up algorithm

U =y, U™ :=proj(U", K(tp4, U™)).



COUNTEREXAMPLE TO EXISTENCE FOR (QSP)

If Ly > 1,, (QSP) may have no (absolutely continuous) solutions!

Consider the problem H := R, find w : [0,1] — R s.t.
w’(t) + 8IK/(w(t))(w(t)) > 1, te€ (O, 1], w(O) = 0,
where K'(w) := [¢(w), +00), with ¥ (w) := 2w — 1/2)", w € R.



COUNTEREXAMPLE TO EXISTENCE FOR (QSP)

Facts:

w(t) :=t is the unique solution on [0, 1/2];
any solution w fulfils w" > 1,

whence, for ¢t > 1/2, 1/2 < w(t) < 1:

then w(t) < ¢ (w(t)) and

w(t) ¢ K'(w(t))! Absurd!

e Define K(t,u) := K'(u+1t) —t: K is uniformly Lipschitz
continuous with constant Ls = 2, and the related quasivaria-
tional problem (QSP) has no absolutely continuous solutions
on [0, 1].



UNIQUENESS FOR (QSP)

e Due to its quasivariational character, (QSP) loses unique-

ness of solutions (counterexamples even for Lo < 1!): let wq,
uy € WHY0,T; H) solve (QSP) with data u,° and u5" : then,

ur(t) € K(t,ui(t)), {(ui'(t),v—ui(t)) >0 Yve K(t,u(t)),
us(t) € K(t,us(t)), (ud'(t),w —us(t)) >0 Vw e K(t, us(t)).

No more possible to choose v := us(t) (w := uy(t)): in general,
ug(t) & K (2, ui(t)) (ui(t) & K(E, us(t)))!

e First well-posedness result for (QSP): [Brokate-Krejci-
Schnabel, ’03]. Assuming that K : [0,7] x H — 2" is “smooth”
and strengthening the Lipschitz continuity assumptions (still with
numerical restrictions on the Lipschitz constants): uniqueness
(and existence) is obtained via a fixed point technique!



OUTLOOK

{ i Possible to obtain existence for (QSP) without compactness
and Lipschitz continuity assumptions on K7 ~» Switch to
monotonicity assumptions on K:
~» existence for (QSP) is deduced from existence for (SP)!

{ i Possible to obtain uniqueness for (QSP) without smoothness
and Lipschitz continuity of K7 ~» Switch to
monotonicity assumptions on K:
~» they compensate the quasivariational character of (QSP)
and enforce uniqueness!



AN ORDER APPROACH IN H =R

In H = R, the convex-valued function K : [0,7] x R — 2% fulfils
K(t,u) = [K,(t,u), K*(t,u)] forsome K,(t,u), K*(t,u) € R.
Let us suppose that

the maps u — K*(t,u), u+— K,(t,u)

are continuous and non-increasing for every t € |0, T'.
Then, for every t € |0,T] there exists a unique pair (¢*(t), c.(t))
c(t) = K*(t,c"(t)), cu(t) = Ki(t,cu(t)), ci(t) < ().
The sweeping process (SP) for set-valued function C* : [0, 7] — 2%
C(t) = [eu(t), (1)) V1el0,T]

encodes the quasivariational evolution (QSP).



AN ORDER APPROACH IN H =R

CH(t) = [ea(t), (1)),
c*(t) = K*(t,c" (1)),

c(t) = K, (t, c.(t)).

Crucial fact: The set-valued function C* : [0, T] — 2% fulfils:
C*(t) = [ci(t), ()] ={uve H :ue K(t,bu)} Vte|0,T],

C*(t) C K(t,u) for every u such that uw € K(t,u) ¥Vt e |[0,T].



UNIQUENESS FOR (QSP)

Crucial fact: let u be a solution to (QSP), with u(0) = ug. Let
v be a solution to (SP), with v(0) = uy. Then

u(t) =v(t) Vte|0,T].

Idea: v and v fulfil

u(t) € K(t,u(t)), (W'(t),z—u(t)y>0 Vze K(t,u(t)),
v(t) e C*(t), (V'(t),w—wo(t) >0 Ywe C*t),

Now we can choose

z:=(t) (for v(t) € K(t,u(t))!

w = u(t) (for u(t) € C*(t)!), whence

lv(t) — u(t)|* < |v(0) — u(0)|* =0Vt € [0,T].

Corollary: (QSP) has a unique solution.



EXISTENCE FOR (QSP) IN H =R

Assume that that there exist R*, R, : [0,T] — R,
R*, R, absolutely continuous on [0, 7], s.t.
(K" (t,u) — K (s,u)| < [R(1) — R*(s)],
K (tu) — Ki(s,u)] < [Ru(t) — Ri(s)]
for all s,t € |0,T], u € R.

Then, the associated C* : [0,7] — 2% has finite retraction on
0, T], and the retraction function

ris absolutely continuous on [0, T7.

By MOREAU’s well-posedness result,

the sweeping process (SP) for to C* has a unique solution v.



EXISTENCE FOR (QSP) IN H =R

Crucial fact: Let v € WH1(0,T) be the solution to (SP) for the
multifunction C*. Then, v is also (the unique) solution to (QSP).
Idea: We have to show that

V'(t)(z—v(t)) >0 Vze K(t,v(t)), forae te(0,T).

Trivial case: ¢, (t) = ¢*(t) (and then C*(t) = K (t,v(t))); suppose
that or ¢, (t) < ¢*(t): then, for a.e. t € (0,T)

(€ (—00,0] if v(t) = c*(¢),

v(t) 4 =0 if c.(t) <wo(t) <c'(t),

L€ [0,+00) if v(t) = cu(?),

E.g., if v(t) = ¢*(t), then v( () = K*(t,c*(t)) = K*(t,v(t)), so that

z < w(t) for every z € K(t,v(t)); on the other hand, v'(¢) < 0, and
we conclude.




ORDERS IN HILBERT SPACES

Hilbert pseudo-lattices: Given a non-empty subset P C H s.t.
P={ueH:(uv)y>0 YveP}

(i.e., P is a closed strict cone), the relation < given by
u<ov it v—ueP VuveH,

is an order on H; the pair (H, P) is a Hilbert pseudolattice.
Examples: o (R, [0,+00)); (RY, Qn), where Qy = {(1,...,2N) €
R™: 2;,>20,i=1,... N} (e <2’ iff x; </ Vi=1,...,N).

e on L*(Q) (Q C RY be a bounded domain), the essential point-
wise order, induced by the cone P = {f € L*(Q): f(x) >0 for
a.e. x € }, i.e.,

f<g iff f(z)<g(x) forae zelX.



ORDERS AND MONOTONICITY IN HILBERT SPACES

Given a Hilbert pseudolattice (H, P), we introduce

u" ;= proj(u, P), u” :=proj(—u,P)=(—-u)" Vue H.
Definition Let F': H — 2. We say that I’ is monotone iff

(V1 — Vo, Uy —ug) >0 Yuy,us, v; € Fu;), i =1,2.
F' is T-monotone (|[BREZIS-STAMPACCHIA, '68]) iff
(v1 — v, (U1 —uz)™) >0 Vuy,ue, v; € F(u;), i =1,2.
We say that F' is non-decreasing iff it is single-valued and
uy < ug = Fuy) < F(ug) Yug,us € D(F).

These properties are equivalent only in the case (R, [0, +00)).



A GENERAL UNIQUENESS RESULT FOR (QSP)

Consider the quasivariational sweeping process (QSP)
u'(t) + Ol kuey(u(t) 20 forae te(0,7), u(0)=u,
for a K :[0,7] x H — 2" taking interval values:

K(t,u) =K. (t,u), K*(t,u)] for some K,(t,u), K*(t,u) € H.
Assume that Vt € (0,T) the operators —K*(t, - ), —K.(t, -) are
maximal (for graph inclusion within monotone operators),
T-monotone,
non-decreasing.

Crucial: for every t € |0,T] there exists a unique pair (c*(t), c.(t))
c(t) = K*(t,c"(t)), cu(t) = Ki(t,cu(t)), cu(t) < ().



A GENERAL UNIQUENESS RESULT FOR (QSP)
Define C* : [0,T] — 2" by
C*(t) := [e.(t),c"(t)]. WVt e[0,T].
Crucial: Then, for every t € [0,T]

C*(t) = lei(t), c*(t)| ={ue H :ue K(t,u)},
C*(t) C K(t,u) for every u such that u € K(t,u).

Theorem 1 [R.-STEFANELLI, '04]. Let u € WH(0,T; H) be a
solution to (QSP), and v € W40, T; H) be a solution to (SP)
for the set-valued function C*, with v(0) = uy. Then

u(t) = v(t) Ve o,T].

In particular, (QSP) admits a unique solution.



AN EXISTENCE RESULT FOR (QSP) IN THE CASE H = L?*(Q)

e Consider two functions f*, f, : [0,T] X Q@ x R — [-M, M] s.t.
for every t € |[0,7T] and for almost every x € ) the real functions

w— f*(t,x,w) and w— f,(t,x,w) are continuous,
y— f*(t,x,y) and y— f.(t,z,y) are non-increasing.
o Define £ : [0, 7] x L*(Q) — 227 by
K(t,w) :={z € L*(Q) : fu(t,z,w(x)) < 2(z)
< f*(t,z,w(x)) for a.e. x € Q}, t€[0,T], we L*(Q).
IC(t,w) is an interval w.r.t. the pointwise order on L?(2), with
Kt w)(x) == [t x,w(x)), Kit,w)(z):= f(t,z,w(z)).
e Consider the (QSP) driven by C, with initial datum uy € L?(€2).



AN EXISTENCE RESULT FOR (QSP) IN THE CASE H = L?*(Q)

e Then, there exists a unique pair ¢*, ¢, € L>(0,T; L*(Q)) s.t.
fA(t,x,c*(t,x)) =c*(t,x), folt,z,c(t,x)) =ci(t,z), and
ci(t,x) < c*(t,z) forae x€Q Vtel0T]
e This defines a set-valued function C : [0, 7] — 2L by
C(t)(x) :=[ce(t,z),c"(t,x)] forae xze€Q Vtel0T]
e Assume that there exist R*, R, € W"([0,T]) such that
|f*(?f,ﬂf, w) o f*(Sv L, w>| < ‘R*(t) o R*(S)‘v
‘f*(t,lE,UJ) o f*(S,CI?,’UJ)‘ S ‘R*(t) o R*(S)|
for all s,t € [0,7T] and w € R, and almost every =z € ().

E.g.., f. and f* are Lipschitz continuous in ¢, uniformly w.r.t x, w.



AN EXISTENCE RESULT FOR (QSP) IN THE CASE H = L?*(Q)

Theorem 2 |[R.-STEFANELLI, '04]. The sweeping process (SP)
for the set-valued function C

u'(t) + 0lewy(u(t)) 20 forae. t e (0,7), u(0)=uo,

admits a (unique) solution v, which is the unique solution of the
quasivariational sweeping process (QSP) for K

u'(t) + Olicuwy(u(t) 20 forae te (0,7), u(0)=up.

This is also an approximation result for (QSP)!

Applications: modelization of the “super-elastic” effect in
shape memory alloys |[AURICCHIO-STEFANELLI].



