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Abstract

We develop the long-time analysis for gradient flow equations in metric
spaces. In particular, we consider two notions of solutions for metric gradient
flows, namely energy and generalized solutions. While the former concept co-
incides with the notion of curves of mazimal slope of (AGS05), we introduce
the latter to include limits of time-incremental approximations constructed
via the Minimizing Movements approach (dGio93; Amb95).

For both notions of solutions we prove the existence of the global attrac-
tor. Since the evolutionary problems we consider may lack uniqueness, we
rely on the theory of generalized semiflows introduced in (Bal97).

The notions of generalized and energy solutions are quite flexible and
can be used to address gradient flows in a variety of contexts, ranging from
Banach spaces, to Wasserstein spaces of probability measures. We present
applications of our abstract results, by proving the existence of the global
attractor for the energy solutions, both of abstract doubly nonlinear evolution
equations in reflexive Banach spaces, and of a class of evolution equations
in Wasserstein spaces, as well as for the generalized solutions of some phase-
change evolutions driven by mean curvature.
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1. Introduction

Gradient flows in metric spaces have recently been the object of intensive
studies. We especially refer to the monograph by AMBROSIO, GIGLI &
SAVARE (AGS05) for a systematic analysis of metric gradient flows from
the viewpoint of existence and approximation of solutions, as well as their
uniqueness. Moreover, some decay to equilibrium result has also been devel-
oped.

The main aim of this paper is to progress further in the analysis of the
long-time dynamics for metric gradient flows. In particular, we focus on the
existence of the global attractor for the generalized semifiow (Bal97) associ-
ated with suitable solution notions. Moreover, we present new convergence-
to-equilibrium results, and apply the abstract theory to doubly nonlinear
equations in Banach spaces, to evolutions in Wasserstein spaces, and to some
phase-change problems driven by mean curvature.

Energy and generalized solutions. The possibility of discussing gradient
flow dynamics in metric spaces relies on a suitable scalar formulation of the
evolution problem. Let us develop some heuristics by starting from the clas-
sical setting of the Euclidean space R? and from a proper, smooth functional
¢ on R?, driving the gradient flow equation

' (t)+Vo(ut)) =0 inR? foraa. tec(0,7T). (1.1)

Now, testing (1.1) by «/(¢) and taking into account the chain rule
d
a(gb ou)(t) = (Vo(u(t)),u'(t))  foraa. te(0,T) (1.2)

it is straightforward to check that (1.1) may be equivalently reformulated as

d 1 / 2 1 2
S(eou)(t) = =5l (OF = SIVo@)]?  foraa. te(0,7). (13)

Equation (1.1) needs to be appropriately formulated in a metric space,
where a linear structure is missing. Indeed, relation (1.3) is scalar and can
serve as a possible notion of metric gradient flow evolution, as soon as one
provides some possible metric surrogate for the norm of the time-derivative
and the norm of a gradient (and not for the full time-derivative or the full
gradient). These are provided by the scalar metric derivative t — |u'|(t)



and slope t — |0¢|(u(t)), which are suitably defined for the metric-space-
valued trajectory t — wu(t) € (U,d) (see Section 2 for their definitions and
properties). In particular, the metric (and doubly nonlinear) reinterpretation
of (1.3) reads (hereafter, 1 <p < oo, 1/p+1/p' =1)

the map ¢ € (0,7) — ¢(u(t)) is absolutely continuous and

d 1o, Lo (1.4)
a(gbou)(t) = —5|u |P(t) — E|8gb| (u(t)) fora.a. te (0,7T).

Our stronger notion of solvability for metric gradient flows is that of energy
solutions: namely, curves t — u(t) fulfilling (1.4), where |0¢| is replaced by
a suitable relaxation. A weaker notion of solution we aim to consider is that
of generalized solutions. The latter are intimately tailored to the concept of
Minimizing Movements (dGio93; Amb95), namely a natural limiting object
arising in connection with time-discretization procedures.

We know from (Amb95; AGS05) that, if
¢ has compact sublevels in U, (COMP)

(and hence ¢ is lower semicontinuous), if some conditional continuity holds
(see (CONT) in Section 2 below) and (some relaxation of) |0¢| fulfills a suit-
able metric chain-rule inequality (see (2.7) below), then the time-incremental
approximations constructed via the Minimizing Movements scheme converge
to an energy solution.

Moreover, the sole compactness (COMP) is sufficient to guarantee that
approximate solutions converge to some curve t +— u(t) which satisfies a
specific energy inequality (see (2.22)). The latter keeps track of the limit
t — ¢(t) of the energy ¢ along the approximate solutions, which does not,
in general, coincide with ¢ o u. We shall call the pair (u,p) a generalized
solution of the metric gradient flow. Note that energy solutions ¢ — w(t)
give rise to generalized solutions t — (u(t), ¢(u(t))).

Main results. In (AGS05, Chap. 4) the large-time behavior of energy solu-
tions was analyzed in case p = 2, by requiring that the functional

¢ is A-geodesically convex for some A > 0. (1.5)

Such condition extends the usual notion of A-convexity to the metric frame-
work (see (2.12)). Under (1.5), it was proved that every trajectory ¢ — u(t)
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exponentially converges as t — 400 to the unique minimum point @ of ¢.
Moreover, the exponential decay of the energy ¢(u(t)) to the equilibrium en-
ergy ¢(u) was obtained (see also (CmCV03; CmCV06)). In addition, it was
shown that, under some structural, convexity-type condition on the ambient
metric space, the Cauchy problem for (1.4), in the case p = 2, admits a
unique solution, generating a A-contracting semigroup.

In this paper, we shall complement the long-time behavior results of
(AGS05) in two directions, namely the construction of the global attractor
and the investigation of the convergence of single trajectories to stationary
states.

Firstly, we shall prove that, under very general hypotheses on ¢, no struc-
tural assumption on the ambient space, no geodesic convexity on ¢, and for
general 1 < p < 0o, both the set of energy and the set of generalized solutions
admit a global attractor, namely a maximal, compact, invariant set attracting
all bounded sets in the phase space. Our choice of the phase space is dictated
by the energy ¢. Indeed, the functional ¢ decreases along trajectories and is
thus a Lyapunov function for the system. In view of this, as already pointed
out in (RoSc04; Seg06), as well as in (RSS08) (where the long-time behavior
of gradient flows of nonconvex functionals in Hilbert spaces was investigated),
it is significant to set our long-time analysis in the metric phase space

U, dy), U:=D(), dy(u,v):=d(u,v)+|p(u) = ¢(v)] (1.6)

for energy solutions u and in an analogously defined, augmented, phase space
for generalized solutions (u, ).

Due to the possible nonconvexity of the functional ¢ and to the doubly
nonlinear character of (1.4) for p # 2, uniqueness of energy (and, a fortiori, of
generalized) solutions may genuinely fail. In recent years, several approaches
have been developed to extend the well-established theory of attractors for
semigroups (see, e.g., (Tem88)), to differential problems without uniqueness.
In this connection, without claiming completeness we may recall the results
in (Sel73; Sel96; ChVig5s; MeVa98; MeVa00; CMRO03). Here, we shall specifi-
cally move within the frame advanced by J. M. BALL (Bal97; Bal04), namely
with the theory of generalized semiflows (Appendix Appendix A).

The two main abstract theorems of this paper run as follows:

e compactness (COMP) and the boundedness of equilibria entail the ex-
istence of the global attractor for the generalized semiflow of generalized



solutions (Thm. 4.6).

e compactness (COMP), conditional continuity (CONT), the metric chain-
rule inequality (2.7), and the boundedness of equilibria in (1.6) yield
the existence of the global attractor for the generalized semiflow of
energy solutions (Thm. 4.7).

Note that, apart from the boundedness of equilibria, the existence of a global
attractor is obtained under the very same conditions ensuring existence of
the corresponding solution notions.

Moreover, we shall extend the convergence to equilibrium results of
(AGS05) to the case of energy solutions (1.4) with p # 2. As already pointed
out in (AGS05, Rmk. 2.4.7), the key condition is a suitable generalization
of (1.5), in which the modulus of convexity depends on the p-power of the
distance, i.e.

¢ is (A, p)-geodesically convex for some A\ > 0, (CONV)

(see Section 2.2). Hence, in Theorem 4.8 we shall prove that, if ¢ complies
with (COMP) and (CONV), then every trajectory ¢ — u(t) of (1.4) converges
as t — 400 to the unique minimum point @ of ¢ exponentially fast, again
with energy ¢(u(t)) exponentially decaying to ¢ (). This in particular entails
that the global attractor for energy solutions reduces to the singleton {u}.
Notice however that uniqueness of solutions to (1.4), even under (CONV) and
the convexity structural condition on (U, d) imposed in (AGS05, Chap. 4),
still seems to be an open problem.

Application to doubly nonlinear evolutions in Banach spaces. Our
first example of energy solutions (see Section 3.1) is provided by abstract
doubly nonlinear evolution equations in a reflexive Banach space B, of the
type
Jp(uW'(t)) + 0¢(u(t)) >0 in B foraa. t€(0,T), (1.7)
where J, : B = B’ is the p-duality map (see (3.29) later on), ¢ : B —
(—o00, +00] a proper, lower semicontinuous and convex functional and J¢ its
subdifferential in the sense of convex analysis.
The long-time behavior of doubly nonlinear equations driven by noncon-
vex functionals has been recently investigated in (Seg06; Aka08), where the
existence of the global attractor for (1.7) has been obtained in the case ¢ is
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A-convex and, respectively, when 0¢ is perturbed by a non-monotone multi-
valued operator. We also refer to (SSS07; ScSe08), where convergence to
equilibrium for large times of the trajectories of Allen-Cahn type equations
has been proved.

In Section 6, following the outline of (RMS08) we shall apply our metric
approach to the long-time analysis of

Jp(uW'(t)) + 0pp(u(t)) 0 in B foraa. te(0,T), (1.8)

the limiting subdifferential 0y¢ of ¢ being a suitably generalized gradient no-
tion, tailored for nonconvex functionals, cf. (Mor84; Mor06; RoSa06). We
shall prove that energy solutions in the sense of (1.4) yield solutions to (1.8)
and, in fact, characterize the solutions to (1.8) arising from the metric ap-
proach. Then, from our abstract results we shall deduce that the semiflow
of the energy solutions to (1.8) admits a global attractor, thus extending to
the doubly nonlinear framework the results obtained in (RSS08) in a Hilbert
setting, for the gradient flow case p = 2. Following (RMS08), we shall fur-
ther exploit the flexibility of the metric approach to tackle quasivariational
doubly nonlinear evolutions of the type

OV (u(t),u'(t)) + Opp(u(t)) 20  in B foraa. te(0,7T),
in which the dissipation functional ¥ depends on the unknown function w.

Application to p-gradient flows in Wasserstein spaces. In a series of
pioneering papers (Ott96; JKO98; Ott98; Ott01), F. OTTO proposed a novel
variational interpretation for a wide class of diffusion equations of the form

Orp — div (pV (%)) =0 in R x (0, +00),
with p(x,t) >0 for a.a. (z,t) € R? x (0, +00), (1.9)

and / p(x,t)de = 1,/ |z|?p(z,t)dz < +oo for all t € (0, +00),
R4 Rd
where 0.2 /0p is the first variation of an integral functional
200 = [ Le.plo). Vo(a))da

associated with a smooth Lagrangian L : R? x [0, +00) x R? — R. Indeed, it
was shown that (1.9) can be interpreted as a gradient flow in the Wasserstein
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space Z,(R?) of the probability measures on R? with finite second moment,
endowed with the 2-Wasserstein distance (see (Vil03; AGS05; Vil09)). In
fact, Otto’s formalism paved the way to crucial developments in the study
of equations of the type (1.9): in particular, mass-transportation techniques
have turned out to be key tools for the study of the asymptotic behavior
of solutions. While referring to (AGS05) for a thorough survey of results
in this direction, here we mention (CmCV03; CmCVO06), investigating the
decay rates to equilibrium of the solutions of the following drift-diffusion,
nonlocal equation

Op —div(pV (V +1I'(p) +Wxp) =0  in R? x (0, +00), (1.10)

where V : RY — R is a confinement potential, I : [0, +00) — R a density
of internal energy, W : R? — R an interaction potential and * denotes the
convolution product. On the other hand, the convergence to equilibrium for
trajectories of the doubly nonlinear variant of (1.10) without the nonlocal
term W x p, i.e.

Op —div (pjy (V(V+TI'(p)) =0 in R? x (0, +00), (1.11)

(jy(r) := |r[""~2r), was studied in (Agu03). Finally, the metric approach to
the analysis of equation (1.10) was systematically developed in (AGS05).

In this direction, in Section 7 we shall tackle the long-time behavior of
the nonlocal doubly nonlinear drift-diffusion equation

Op —div (pjy (V(V4+T'(p) +Wxp)) =0  inR?x (0,4+00), (1.12)

complementing the results of (CmCV03; CmCV06; Agu03). Indeed, re-
viewing the discussion in (AGS05), we are going to show that solutions
to (1.12) can be obtained from energy solutions (1.4) in the Wasserstein space
(2,(R%), W,) of the probability measures with finite p-moment. Hence, from
our abstract results we shall deduce the existence of the global attractor for
the metric solutions to (1.12).

Application to phase-change evolutions driven by mean curvature.
In Sections 3.2 and 8.1 we shall consider the Stefan-Gibbs-Thomson problem,
modeling solid-liquid phase transitions obeying the Gibbs-Thomson law for
the temperature evolution at the phase interface. The gradient flow structure
of this problem was first revealed in the paper (Luc90) (see also (Vis96)).
Therein, the existence of solutions was proved by passing to the limit in the
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Minimizing Movements scheme. The related energy functional does not fulfill
the chain rule. This calls for the notion of generalized solutions. By relying
on our abstract theory, in Theorem 8.5 we shall prove that the semiflow of
the generalized solutions of the Stefan-Gibbs-Thomson problem possesses a
global attractor.

Finally, in Section 8.2 we shall obtain some partial results for the general-
ized solutions the Mullins-Sekerka flow (LuSt95; Rog06). However, we point
out that, at the moment, the existence of the related global attractor is still
open.

Plan of the paper. In Section 2.1, we specify the problem setup and recall
the basic notions on evolution in metric spaces which shall be used through-
out the paper. Hence, in Sections 2.2-2.3 we define the concepts of energy
and generalized solutions, and discuss their relation. In Section 3.1 we illus-
trate energy solutions by addressing abstract doubly nonlinear equations in
Banach spaces, whereas in Section 3.2 we exemplify the concept of general-
ized solution via the Stefan-Gibbs-Thomson and the Mullins-Sekerka flows.
We state our main results Theorem 4.6, 4.7, and 4.8 on the long-time behav-
ior of generalized and energy solutions in Section 4, and detail all proofs in
Section 5.

As for the application of our abstract results, in Section 6 we study the
connections between energy solutions and doubly nonlinear equations driven
by possibly nonconvex functionals. In Section 7 we prove the existence of
the global attractor for the energy solutions of a class of gradient flows in
the Wasserstein space (Z2,(R%), W,), while in Section 8 generalized solutions
are used to investigate the long-time behavior of the Stefan-Gibbs-Thomson
flow.

The Appendix is devoted to a concise presentation of the theory of gen-
eralized semiflows by J. M. BALL, to the alternative proof of a result in
Section 6.1, and to some recaps on maximal functions.

Acknowledgments. We would like to thank Giuseppe Savaré for many in-
spiring and helpful discussions.

2. Solution notions

In this section, we introduce the two notions of gradient flows in metric spaces
which we shall consider in the paper, see Definitions 2.2 and 2.10 below.



Preliminarily, for the reader’s convenience we briefly recall the tools from
analysis in metric spaces on which such definitions rely, referring to (AGS05)
for a systematic treatment of these issues.

2.1. Problem setup
The ambient space. Throughout the paper

(U, d) shall denote a metric space, o a Hausdorff topology on U, and
¢ : U — (=00, +00| a proper functional. (2.1)

The symbol % shall stand for the convergence in the topology o, the metric
d-convergence being denoted by — instead. We shall precisely state the links
between the d- and the o-topology in Section 4.1. However, to fix ideas one
may think that, in a Banach space setting, d is the distance induced by the
norm and o is the weak/weak* topology.

Absolutely continuous curves and metric derivative. We say that a
curve u : [0,7] — U belongs to ACP([0,T];U), p € [1,00], if there exists
m € LP(0,T) such that

d(u(s),u(t)) < /tm(r)dr forall 0 <s <t <T. (2.2)

For p = 1, we simply write AC([0,7T];U) and refer to absolutely continuous
curves. A remarkable fact is that, for all w € ACP([0,7;U), the limit

/| (£) = Tim 25 (1)

s—t |t — S|

exists for a.a. t € (0,7). We will refer to it as the metric derivative of u at
t. We have that the map t — |u/|(t) belongs to LP(0,7T) and it is minimal
within the class of functions m € LP(0,7T) fulfilling (2.2), see (AGS05, Sec.
1.1).

The local and the strong relaxed slope. Let D(¢) :={u €U : ¢(u) <
+00} denote the effective domain of ¢. We define the local slope (see (AGS05;
Che99; dGMTR80)) of ¢ at u € D(¢) as

|0¢|(u) := lim sup (¢(uc)l — ¢<U))+

v—u (u; U)



Remark 2.1. The local slope is a surrogate of the norm of V¢, for it can be
shown that, if U is a Banach space B with norm ||-|| and ¢ : B — (—o00, +00]
is (Fréchet) differentiable at u € D(¢), then |0¢|(u) = [|[=Vé(u)||+.

The function u — |0¢|(u) cannot be expected to be lower semicontin-
uous. On the other hand, lower semicontinuity is desirable within limiting
procedures. For the purposes of the present long-time analysis, we shall deal
with the following relaxation notion

07 ¢|(u) = inf { légli&f 100 (un) + up = u, dun) — ¢(u)l,
for uw € D(¢). (2.3)

We refer to |07 ¢| as the strong relaxed slope and remark that this relaxation
is slightly stronger than the corresponding notion considered in (AGS05, Def.
2.3.1) (where the approximating points u,, are additionally required to belong
to a d-ball, but only have bounded energy ¢, possibly non converging.).

A weaker relaxation for the local slope. In the following we shall make
use of a second and weaker relaxation of the local slope. This second notion
brings into play the limit of the energy ¢ along the approximating sequences
{u,}, and to this aim an auxiliary variable is introduced. In particular, let
the set

X ={(u,p) € D(¢) xR : ¢ > ¢(u)}

be given and define
|07 ¢|(u, ) := inf { limJirnf 106|(un) = uy % u, O(up) = p > d(u)}  (2.4)

for (u,p) € X.
As soon as some compactness is assumed (see (A4) below), [0~ ¢| turns

out to be lower semicontinuous with respect to both its arguments, i.e. for
any sequence {(uy,pn)} C X,
(U, 2 U, — ) = liminf |07 & (tn, n) =107 0| (u, p). (2.5)
n—-+0o0
Moreover, we clearly have that |07 ¢|(u) > |07 é|(u, ) for all (u, ) € X, and

07| (u) = |07 dl(u, ¢(u)) Vu € D(6). (2.6)
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Strong upper gradient. By slightly strengthening (AGS05, Def. 1.2.1),
we say that a function g : U — [0, +0o0] is a strong upper gradient for the
functional ¢ if, for every curve u € ACy,.([0, +00); U), the function g o u is
Borel and

|p(u(t)) — ¢(u(s))] < / glu(r))|u'[(r)dr  forall 0 <s <t (2.7)

(the original (AGS05, Def. 1.2.1) requires (2.7) for s > 0 only). Let us
explicitly observe that, whenever (g o u)|u/| € L ([0,+00)), then ¢ o u €
W ([0, 4+00)) and

loc

[(pouw)(t)] < gu(t))|u|(t) fora.a. te (0,+00).

Curves of Maximal Slope. Let g : U — [0,400] be a strong upper gra-
dient and p € (1,00). We recall (see (AGS05, Def. 1.3.2, p.32), follow-
ing (AGMTS80; Amb95)) that a curve u € AC{, ([0, 400);U) is said to be
a p-curve of maximal slope for the functional ¢ with respect to the strong
upper gradient g if

—(pou)(t) = [u|P(t) = g"(u(t))  foraa. te (0,400), (2.8)

p’ denoting the conjugate exponent of p. In particular, ¢ o u is locally abso-
lutely continuous in [0, 4+00), gou € L} ([0,+00)), and the energy identity

loc

}) / |u'|p<r>dr+1§ / ¢ (u(r)) dr + dlu(t)) = d(uls))
for all 0 < s < t, (2.9)

directly follows.

We are now in the position of defining the two solution notions we shall
be dealing with in the sequel. Let us start from the strongest one.

2.2. Energy solutions
Definition 2.2 (Energy solution). Assume
|0 ¢| is a strong upper gradient.

We call energy solution of the metric p-gradient flow of the functional ¢ (or,
simply, energy solution), a p-curve of mazximal slope for the functional ¢,
with respect to the strong upper gradient |0% ).
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In particular, an energy solution w is such that v € AC{ ([0, +00);U),
¢ ow is locally absolutely continuous on [0, +00), the map ¢ — |07 ¢|(u(t)) is
in L¥ ([0,400)), and

(pou)(t)+ %|u'\p(t) + ]%|5’+¢\p/(u(t)) =0  foraa. te(0,+00). (2.10)

Remark 2.3. We point out that, being |07 ¢| a strong upper gradient, (2.10)
is in fact equivalent to the ( mtegrated) energy inequality

L[ wpwars 5 [0 ) ar+ stu(v) < o(uts)
forall 0 < s <t. (2.11)
Geodesically convex functionals. A remarkable case in which the local

slope is a strong upper gradient occurs when (cf. (AGS05, Thm. 2.4.9)) the
functional ¢ is A-geodesically convex for some A\ € R, i.e.

for all vy, v1 € D(¢) there exists a constant-speed geodesic 7 : [0,1] — U
(i.e. satisfying d(vs,7) = (t — s)d(y0,71) for all 0 < s <t < 1), such that

Yo = Vo, Y1 = v1, and ¢ is A-convex on 7, i.e.

80) < (L= )600) +16(m) = 341~ O (p,m)  (212)
forall 0 <t <1.

Remark 2.4 (A-geodesic convexity in Banach spaces). When U is a Banach
space B with norm || - ||, A\-geodesic convexity reduces to the usual notion of
A-convexity, i.e.

GINER VYuy,u €B VOe0,1] :

O((1 = O)uo + Our) < (1 —0)o(uo) + 0o (u1) — %M(l = O)[luo — wi1?,
(2.13)
In particular, in the Hilbertian case ¢ is A-convex if and only if the map
v d(v) — 3[vf? is convex.

As pointed out in (AGS05, Rmk. 2.4.7) (see also (Agu03)), in the case
of p-curves of maximal slope one should consider a generalized notion of
geodesic convexity, in which the modulus of convexity depends on the p-
power of the distance d. Also in view of the applications to p-gradient flows
in Wasserstein spaces, we thus give the following
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Definition 2.5. Given A € R and p € (1,00), we say that a functional
¢: U — (=00, +00] is (A, p)-geodesically convex if

for all vy, vi € D(¢) there exists a constant speed geodesic 7 : [0,1] — U such that
Yo = Vo, VY1 =1, and ¢ 1S A\-COnver on v, i.e.
A
P(1) < (L =1)d(v0) +to(m) — ];t(l — 1)d"(v0, M)
forall0 <t <1. (2.14)

Remark 2.6 (\- versus (A, p)-convexity). Clearly, the notion of (A, p)-geodesic
convexity reduces to (A, p)-converity in a Banach framework, i.e.

JAeR VUO,U1€B VQE[O,l]

H((1— B)ug + Bun) < (1 — 0)$(un) + 0(ur) — ]199(1 S —

(2.15)
Hereafter, in a metric framework we shall always speak of (A, p)-geodesic
convexity, and refer to condition (2.12) as (A, 2)-geodesic convexity. Instead,
in a Banach context we shall simply call condition (2.13) A-convexity, and
speak of (\, p)-convexity only for p # 2.

The following result extends (AGS05, Cor. 2.4.10, Lemma 2.4.13, Thm. 2.4.9)
to the case of (A, p)-geodesically convex functionals.

Proposition 2.7. Let ¢ : U — (—o00, +00] be d-lower semicontinuous and
(A, p)-geodesically convex for some A € R and p € (1,00).

1. Then, the local slope |0¢| is d-lower semicontinuous and admits the

representation
_ o(u) —ov) | A !
00| (u) = Sup ( RO Ed (u, "U))
for all w € D(¢). (2.16)

Furthermore, |0¢| is a strong upper gradient.

2. Suppose further that

the (X, p)-geodesic convexity condition (2.14) holds with A > 0.
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Then, the following estimate holds
1
¢(u) —inf o < —|0+¢|p( ) < A—|3¢Ip( u)  for allu € D(¢).

Moreover, if u € D(¢) is the unique minimizer of ¢, then

") < 6w~ o(n) < 310" () < 1106 (u)

p
for all u € D(¢). (2.17)

The proof, which we choose not to detail, follows from carefully adapting
the arguments for (AGS05, Cor. 2.4.10, Lemma 2.4.13, Thm. 2.4.9) to the
general (A, p)-geodesically convex case. Notice that, since the relaxed slope
|07 | is defined in terms of the o-topology, the d-lower semicontinuity of ||
is not sufficient to ensure that the local and strong relaxed slopes coincide,
cf. also with Remark 2.12.

2.3. Generalized solutions

We shall introduce generalized solutions by highlighting their connections
to the notion of Minimizing Movements due E. DE GIorGI (dGMTS80;
dGio93), cf. Definition 2.10 later on. In particular, the discussion developed
in the next lines will show that every Generalized Minimizing Movement
gives raise to a generalized solution.

2.3.1. Heuristics for generalized solutions: the Minimizing Move-
ments approach

The natural way of proving the existence of solutions to the Cauchy prob-
lem for (2.10) is to approximate it by time-discretization. Hence, let us con-
sider a partition of [0, +00), which we identify with the corresponding vector
T = (7,72, 73,...) of strictly positive time-steps. Note that we indicate with
superscripts the elements of a generic vector. In particular 77 represents the
j-th component of the vector 7 (and not the j-th power of the scalar 7).
Let |7| = sup 7" be the diameter of the partition, which we ask to be finite,

t2 =0, and define recursively

tho=tt et I =t ) for i > 1.
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We shall now consider the following time-incremental minimization prob-
lem

(see (AGS05, Chap. II)).

Problem 2.8 (Variational approximation scheme). Given U2 := wy, find U?
such that

U! € Argmin
velU

D n—1
{d;g};i—()]pr_l) + ¢(v)} for allm > 1. (2.18)

Under suitable lower semicontinuity and coercivity conditions on ¢ (cf.
with (COMP) in the framework of the o-topology, see assumptions (A3)—(A4)
later on), one can verify that, for all partitions 7 and ug € D(¢), Problem
2.8 admits at least one solution {U},cny. We then construct approximate
solutions by considering the left-continuous piecewise constant interpolant
U, of the values {U"},cn, i.e.

Ur(t):=U. forall tell i>1. (2.19)

We shall also deal with the right-continuous piecewise constant interpolant
U, defined by U_(t) := Ui for all t € I and i > 1.

Definition 2.9 ((dGio93)). We say that a curve u : [0,400) — U is a
Generalized Minimizing Movement for ¢, starting from ug, if there exists a
sequence {7y}, with |T| — 0, such that

Ur, (1) 5 ult) as k — oo forall t>0. (2.20)

We denote by GMM(¢p;ug) the set of Generalized Minimizing Movements
with tnitial datum ug.

In order to show that GMM(¢; up) is non-empty, one needs to prove some
a priori estimates on the sequence {U,, }. The crucial step in this direction
is to observe that approximate solutions satisfy at all nodes ¢’ the following
discrete energy identity

%/t;fl (d(UT<i).;QT<t))>p dt+}%/:i B (Ur(t)) dt (2.21)

+ ¢ (U-(t) = o (U,(t)),
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where U_ and U, respectively denote the right-continuous piecewise con-
stant and the De Giorgi variational interpolants of the values {UZ},en,
see (AGS05, Def. 3.2.1) for the latter notion. It is immediate to realize
that (2.21) is the discrete counterpart to (2.10). Exploiting the discrete en-
ergy inequality (2.21) and the coercivity of ¢, in (AGS05, Secs. 3.3.2 and
3.3.3) suitable a priori estimates are obtained for the approximate sequences
{U,} and {U,}, and convergence is shown along a suitable subsequence {7}
to some limit curve u : [0,+00) — U. Furthermore, (2.21) yields that the
functions ¢, (t) := #(U,,(t)) form a non-increasing sequence. A suitable
generalization of Helly’s theorem (cf. (AGS05, Lemma 3.3.3)) gives that, up
to the extraction of a further subsequence,

Fep(t) = lim d(Ur, (1) > ¢(u(t)) forall t >0,

the latter inequality by the lower semicontinuity of ¢. Altogether, passing
to the limit by lower semicontinuity in (2.21) it is proved in (AGS05) that

GMM(¢; ug) # 0 and that for every u € GMM(¢;ug) there exists a non-
increasing function ¢ : [0, 400) — R such that

/ || (r)dr + = / 1070 (u(r), o(r))dr + o(t) < ¢(s) for all 0 < s <t,
o(u(t)) < @(t) forallt >0,

where the weak relaxed slope |0~ ¢| naturally arises by taking the liminf of
the second integral term on the left-hand side of (2.21).

2.3.2. Definition of generalized solution

Motivated by the above discussion, we give the definition of generalized
solution, tailored to include all limits of the time-incremental approximations
constructed in (2.18).

Definition  2.10  (Generalized solution). A  pair (u,p), with
u € ACY ([0, +00);U) and ¢ : [0,+00) — R, is a generalized solution of

loc
the metric p-gradient flow of the functional ¢ (or, simply, a generalized so-

lution ), if

}3 / PP (r) dr + ]} / 07 6P (ulr), o(r)) dr + (t) < o(s)
for all 0 < s <'t, (2.22)
o(u(t)) < @(t) forallt>0. (2.23)
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Remark 2.11. Notice that, if (u, ) is a generalized solution, then ¢ is non-
increasing and thus of finite pointwise variation. Moreover, letting ¢_(t) :=
o(t—) and ¢, (t) := p(t+) denote the pointwise left- and right-limits, respec-
tively, we have that the pairs (u, ¢_) and (u, ¢, ) are generalized solutions as
well.

From generalized to energy solutions via conditional continuity.
The main step to conclude that the Minimizing Movements approach of Sec-
tion 2.3.1 yields energy solutions is to identify ¢(u(t)) as the limit of the
sequence {¢(U, (t))}, i.e. to prove that

o(t) = o(u(t)) for all t > 0. (2.24)

Once (2.24) is obtained, in view of equality (2.6) one can replace |0~ ¢[P (u, ),
in the second integral term in (2.22), with the strong relaxed slope |9+ @[ (u)
(see (2.3), (2.6)). In this way, one obtains the energy inequality (2.11),
yielding that u is an energy solution, see Remark 2.3.

Indeed, a sufficient condition for (2.24) to hold is the following conditional
continuity requirement

Un = U sup{¢(un), [0(un)} < +oo = P(un) = (u).  (CONT)

Remark 2.12 (Links between (A, p)-geodesic convexity and conditional con-
tinuity.). In the case o is the topology induced by d, let ¢ : U — (—o00, +00]
be a lower semicontinuous functional complying with the (A, p)-geodesic con-
vexity condition (2.14) for some constant A € R. Then, the conditional
continuity property (CONT) holds. Indeed, let {u,} be a sequence as in
(CONT). It follows from (2.16) that

P(un) — ¢(u) + %dp(un, u) < 00| (un)d(un,u)  forallmeN, (2.25)

whence
$(u) < limint o(u) < linsup ()
< ¢(u) + limsup (|8q§|(un)d(un, u) — %dp(un,u)> < o(u),

the first inequality by lower semicontinuity, the third one by (2.25), and the
last one by the properties of the sequence {u,}, cf. with (CONT).
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It is immediate to see that the previous argument also works when the o-
and d-topology do not coincide, provided that ¢ has the following property:
along sequences with bounded energy, o-convergence implies d-convergence.

2.3.3. Comparison between generalized and energy solutions
Under the conditional continuity (CONT), generalized and energy solutions
may be compared. The first result in this direction is the following

Lemma 2.13. Assume that the conditional continuity property (CONT)
holds. Then,

07 ¢|(u, p) < +o0 = = d(u) and
07¢(u, ) = |07 6|(u, 6(w)) = |07 ¢|(v) V(u,p) € X.

Proof. 1t follows from the definition (2.4) of |0~ ¢|(u, ) that for all ¢ > 0
there exists a sequence {u,} with u, = u, ¢(u,) — ¢, and |9¢|(u,) <
|0~ ¢|(u, p)+¢e. Hence, (CONT) yields that ¢ = ¢(u), and (2.26) follows. [

(2.26)

An immediate consequence of Lemma 2.13 is the following

Proposition 2.14 (¢ = ¢ou). Let (CONT) hold. Then, for any generalized
solution (u,y) we have @ = ¢ o u almost everywhere in (0,+00) and the
following energy inequality holds for allt >0, for a.a. s € (0,1)

]1? /St |u’|p(7’) dr + ]; /: |8+¢|p/(u(’r’))d7’ + gb(u(t)) < ¢(U<S)) ) (227)

We thus conclude

Proposition 2.15 (Comparison between generalized and energy solutions).
Given any energy solution u, the pair (u,$ ou) is a generalized solution.

Conversely, assume (CONT), let |07 ¢| be a strong upper gradient for
the functional ¢, and (u, ) be a generalized solution. Then, u is an energy
solution and ¢ = ¢ o u.

Proof. The first part of the proposition is immediate. As for the second one,
use Proposition 2.14 in order to get that ¢ = ¢ o u almost everywhere in
(0,400), and replace the energy inequality (2.22) with

t t
%/ |u|P(r)dr + %/ 0% P (u(r))dr + o(t) < (s) forall 0 < s <t.
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Hence, as 7+ [07¢|(u(r)) is in L¥

loc

([0, +00)), we have that
07| (u)]u] € Lige ([0, +00))

and ¢ o u is locally absolutely continuous since [(¢ o u)'| < |07 ¢|(u)|u/| al-
most everywhere. In particular, ¢(s) = ¢(u(s)) for all s > 0. Finally,
inequality (2.27) holds for all 0 < s < ¢, and the converse inequality follows
again from |(¢ o u)'| < |0Fé|(u)|u']. O

3. Examples of energy and generalized solutions

3.1. Doubly nonlinear equations in Banach spaces: the convex case

Let (B, ] - ||) be a (separable) reflexive Banach space and suppose that
¢: B — (—00,400] is a proper, Ls.c. and convex functional.

We now show that the notion of energy solution (of the metric p-gradient
flow of ¢), in the ambient metric space U = B (with d(u,v) = ||[v — u|| and o
the strong topology), relates to the doubly nonlinear equation

Jo(W'(t) +0¢(u(t)) 20  inB foraa. te(0,7), (3.28)
where J, : B = B’ is the p-duality map, defined by
£€J,(v) & (&v)=|ollP = [1E1T = llvllI€]. (3.29)
and 0¢ is the Fréchet subdifferential of ¢, defined at a point u € D(¢) by
E€dp(u) < ov)—o(u) > (§v—u)+o(l|lv—ul) asv—u. (3.30)

(which, in the present convex case, in fact reduces to the standard subdiffer-
ential of ¢ in the sense of convex analysis).

The link between the formulation of Definition 2.2 and equation (3.28) is
based on the following key fact: denoting

{ 0°¢(v) = Argmin {[lg]l. = £€Io(0)} D(¢),  (3.31)

10°¢(v) || := min {|[¢]l. = & € Ip(v)}
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it was proved in (AGS05, Prop. 1.4.4) that
|06](v) = [|0°p(v)||« for all v € D(¢). (3.32)

It now follows from (3.32) and from the strong-weak closedness of the graph
of ¢ that the map v — |0¢|(v) is lower semicontinuous, so that |0¢| = |01 ¢|.
Finally, the chain rule for convex functionals

if we HY0,T;B), £ € L*(0,T;8), &(t) € 0¢(u(t)) for a.a. t € (0,T)
then ¢oue AC([0,T]), Lo(u(t)) = (£(t),u(t)) for a.a. t € (0,T).
ensures that |0¢| = |0T¢| is a strong upper gradient. Exploiting (3.31),

in (AGS05, Prop. 1.4.1) it was shown that a curve u € ACP([0,T7]; B) is an
energy solution if and only if it fulfills

Jp(uW'(t)) +0°¢(u(t)) 30 in B foraa. te(0,7T),

i.e. Jy(u'(t)) complies with the minimal section principle.

3.2. Generalized solutions of the Stefan-Gibbs-Thomson and the Mullins-
Sekerka flows

The Stefan-Gibbs-Thomson problem. The Stefan problem coupled with
the Gibbs-Thomson law describes the melting and solidification of a solid-
liquid system, and also takes into account surface tension effects by imposing
that the temperature is equal to the mean curvature at the phase interface.
We denote by ¥ the relative temperature of the system, occupying a bounded
domain 2 C R?, and by X € {—1,1} the phase parameter, so that the phases
at time t € (0,7) are

Ef) ={zeQ: x(z.t)=1}, E @) ={zeQ: x(z,t)=-1},

and the phase interface S(t) is their common essential boundary. Neglecting
external heat sources, the related PDE system is given by the energy balance

(I +x)+AY =0 in H1(Q) foraa. te(0,T), (3.33)

(A denoting the realization of the Laplace operator with homogeneous Dirich-
let boundary conditions), and by the Gibbs-Thomson condition at the phase
interface, which formally reads

H(-,t) = 9(,tv(t)  on S(t), (3.34)
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H(-,t) being the mean curvature vector of S(¢) and v(t) : S(t) — S4! the
inner measure theoretic normal to E7*(t).

In the pioneering paper (Luc90), LUCKHAUS has shown that there exist
functions

¥ € L*(0,T; Hy(2)) N L>(0,T; L*()) (3.35)
and

X € L>(0,T; BV(Q)),

3.36
u:=1v9+x € HY(0,T; H*(Q)), (3:36)

X:Qx(0,T) — {-1,1}, with {

fulfilling equation (3.33) for a.a. t € (0,7, and complying with the weak
formulation of the Gibbs-Thomson law (3.34), i.e. for a.a. ¢t € (0,7)

Q Q
for all ¢ € C*((;RY), ¢-n=0 on 09,

(3.37)

|Dx(-,t)| being the total variation measure associated with the distributional
gradient DX(-,t). LUCKHAUS’s existence proof (see also (Vis96, Chap. VIII)),
is based on a time-discretization technique which fits into the general Mini-
mizing Movements scheme introduced in Section 2.3.1. In fact, (the initial-
boundary value problem for) system (3.33, 3.34) has a natural gradient flow
structure with respect to the functional ¢gi. : H () — (—o0, +00], given

by
1
inf = x|+ I D
it A Gl xP e t00) o+ [ 103}
¢Ste(u) = ifu € L2(Q), (338)

+oootherwise,

It_11y denoting the indicator function of the set {—1,1}.

This gradient structure was later exploited in (RoSa06), where it was
shown that the Minimizing Movements scheme in H~!(Q), driven by s
and starting from an initial datum ug € D(¢) = L*(Q)

1
U? = wy, U € Argmin {—Hv — U:_1||12L1‘1(Q) + ngte(U)} . (3.39)
veH-1(Q) | 27T
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(i.e. the variational approximation scheme (2.18), for p = 2 and constant
time-step 7 > 0), admits a solution {U”},cn, and in fact coincides with the
approximation algorithm constructed in (Luc90) (see (RoSa06, Rmk. 2.7)).
Furthermore, it was proved (see (RoSa06, Thm. 2.5) and Section 8.1 later on)
that, for every initial datum ug € L*(Q), every u € GMM(@ste, ug) (cf. with
Definition 2.9) gives raise to a solution (¢, x) of (3.33) and (3.37), complying
with (3.35) and (3.36), and fulfilling the Lyapunov inequality for all t € [0, T
and for almost all s € (0,¢)

/Q (%|u(x,t) X )P+ T (1)) da
—i—/Q\Dx(t)\—1—/:/Q]V19(:E,7")|2dx dr (3.40)
< /Q (%\u(x, s) — X(z,8)]> + I—1 1y (X(, s))> dzr + /Q |Dx(s)].

In Section 8.1, we shall recover the gradient flow approach of (RoSa06).
First of all, we shall make precise the setting in which the (Generalized)
Minimizing Movement associated with the functional ¢s. yields solutions
to the weak formulation (3.33, 3.37) of the Stefan-Gibbs-Thomson problem,
see Corollary 8.3. On the other hand, on account of Theorem 4.2 later
on, the Minimizing Movement solutions constructed in (RoSa06) (i.e. the
solutions arising from the time-incremental scheme (3.39)), are in fact gen-
eralized solutions (in the sense of Definition 2.10), driven by the functional
¢ste (3.38). Using this fact, in Theorem 8.5 we shall obtain the existence of
the global attractor for the Minimizing Movements solutions of the Stefan-
Gibbs-Thomson problem.

The Mullins-Sekerka flow. The Mullins-Sekerka flow is a variant of the
Stefan problem with the Gibbs-Thomson condition, modeling solid-liquid
phase transitions in thermal systems with a negligible specific heat. In this
setting, instead of (3.33) the internal energy balance reads

OX+AY=0 in HYQ) foraa. te(0,T), (3.41)

coupled with the Gibbs-Thomson condition in the weak form (3.37).

The global existence of solutions (¢, X) to the Cauchy problem for the
weak formulation of the Mullins-Sekerka system, with ¢ € L>(0,T; Hy ()
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and x € L>(0,T;BV(Q))NH'(0,T; H'(Q)), was first obtained in (LuSt95).
The proof was carried out by passing to the limit in the following variational
approximation scheme: starting from an initial datum x, € BV(Q; {—1,1}),
for a fixed time-step 7 > 0 the discrete solutions {X” },en are constructed via
X? = Xo and, for n > 1,

) 1 _ e e
X € Argmin {—/ (A7 (=) (x=x3 ) +I{—1,1}(X))dx+/ |D><|}
xer-1@) 27 Jo Q
. 1 e
— Al"gInlIl {—HX_XT 1”%{1(9)4-/[{_171}()()(11}—#/ |DX|} .
Xer-1(Q) 27 Q 0

Indeed, the above scheme (cf. with (2.18)) reveals that problem (3.41, 3.37)
has a gradient flow structure w.r.t. the functional ¢ys : H1(Q) — [0, +00)

/1{1,1}(X)d$+/\DXI if x € BV(Q; {-1,1}),
Q Q

+00 otherwise.

Pums(X) = (3.42)

In fact, the existence result in (LuSt95) was conditioned to the validity of
the convergence of the energy ¢ys along the approximate solutions. Such
condition excludes a loss of surface area for the phase interfaces in the pas-
sage to the limit in the time-discrete problem. However, this convergence
requirement, akin to our continuity assumption (CONT), is not, in general,
fulfilled, as observed in (Rog06). Therein, by use of refined techniques from
the theory of integral varifolds, the author could dispense with the additional
condition of (LuSt95), however at the price of obtaining in the limit the weak
formulation of the Gibbs-Thomson law (3.37) in a generalized, varifold form.

Since ¢yis does neither fulfill the chain rule nor the conditional continuity;,
the Minimizing Movements solutions of the Mullins-Sekerka problem only
give raise to generalized solutions of the gradient flow driven by ¢yg. In
Section 8.2 we shall initiate some analysis in this direction. However, proving
the existence of the global attractor for the (Minimizing Movements solutions
of the) Mullins-Sekerka problem remains an open problem.

4. Main results

4.1. Statement of the main assumptions

Topological assumptions.

(U,d) 1is a complete metric space. (A1)
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o is a Hausdorff topology on U compatible with d (A2a)

The latter compatibility means that o is weaker than the topology induced
by d and d is sequentially o-lower semicontinuous, namely

(tn,v) = (u,v) = liminf d(tp,vy,) > d(u,v).
n—-+0oo

An example of a choice for o complying with (A2a) is of course that of o
being the topology induced by d. We shall however keep these two topologies
distinct for the sake of later applications.

We also require that

there exists a distance d, on U such that for all {u,}, u € U (A2b)
Uy > u = dy(u,u,) =0 as n — oo

Namely, the topology induced by d, is globally weaker than o.

Assumptions on the functional ¢. Let p € (1,00). We shall ask for the
following

(Lower semicontinuity)

¢ is sequentially o-lower semicontinuous. (A3)
(Compactness)
the sublevels of ¢ are relatively o-sequentially compact. (A4)

Remark 4.1. It can be easily checked that (A3) and (A4) entail that

¢ is bounded from below on U. (4.1)

Existence and approximation of generalized solutions. Under the
above assumptions, we have the following crucial statement, which sub-
sumes (AGS05, Cor. 3.3.4) and (AGS05, Thm. 2.3.1).

Proposition 4.2 (Generalized Minimizing Movements are generalized so-
lutions). Assume (A1l)—(A4) and let a family A of partitions of [0, +0o0) be
given with inf,cp |T| = 0.
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Then, GMM(¢;uq) # 0.  Further, every u € GMM(¢;uq) is in
ACY (]0,400); U) and there exists a non-increasing function ¢ : [0,4+00) —

loc

R such that, {Ty} being a sequence with |Ty| — 0 fulfilling (2.20), there holds

p(t) = lim ¢(Ur, (1)) > d(u(t)) forall t>0, »(0) = d(u(0)) = ¢(uo),

k—o0
and the pair (u, @) is a generalized solution in the sense of Definition 2.10.

Remark 4.3. Note that no restriction on the diameter of the partitions
is needed for the above convergence statement. Moreover, in (AGS05) a
slightly more general class of functionals was considered, and the compactness
condition (A4) was in fact required only on d-bounded subsets of sublevels
of ¢. Indeed, the stronger (A4) is needed for the purposes of the present
long-time analysis.

4.2. Statement of the main results

4.2.1. Global attractor for generalized solutions

We refer the reader to Section Appendix A for the main definitions and

results of the theory of global attractors for generalized semiflows, closely
following J.M. BALL (Bal97).

We shall apply the theory of generalized semiflows in the framework of
the metric phase space

X ={(u,p) € D(¢) xR: ¢ > ¢p(u)}, endowed with the distance
= do(u,

dX((uv 90)7 (ul )) ):‘ |QO © | \V/(U, QO), (u', g&’) e X.

(4.2)

Our candidate generalized semiflow is the set
S = {(u, ©) :[0,400] = U xR : (u,¢) is a generalized solution}.

All of the following results shall be proved in Section 5.

Theorem 4.4 (Generalized solutions form a generalized semiflow). Assume
(A1)~(A4). Then, S is a semiflow on (X,dx) and complies with the conti-
nuity property (CO0).

The following Proposition sheds light on the properties of the semiflow
S.
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Proposition 4.5. Assume (A1)—(A4). Then,

1. S is asymptotically compact;
2. § admits a Lyapunov function;

3. the set Z(S) of the rest points for S is given by
Z2(8) ={(u,p) € X : |07 ¢|(u,p) =0}. (4.3)

Theorem 4.6 (Global attractor for generalized solutions). Under assump-
tions (A1)—(A4), suppose further that

the set Z(S) of the rest points of S is bounded in (X, dy). (Ab)

Then, the semiflow S admits a global attractor A. Moreover, w(u, ) C Z(S)
for every trajectory (u, ) € S.

4.2.2. Global attractor for energy solutions

Throughout this section, we further assume that
¢ complies with the conditional continuity property (CONT), (A6)

|07 ¢| is a strong upper gradient. (AT)
Proposition 2.14 and (A6) yield that

S = {(u, ¢) generalized solution, with ¢(t) = ¢(u(t)) a.e. on (0, +oo)}.

Hence, it is not difficult to check that the set of rest points of S (4.3) reduces
to

Z(S)={(u,¢) € X: ¢=2¢(), [07¢|(a)=0}. (4.4)

Hereafter, we shall use the following notation

E :={ue AC} ([0,+00);U) : u is an energy solution} . (4.5)

loc

Thanks to Proposition 2.14, assumption (A7) gives that m(S) = £ (m de-
noting the projection on the first component).
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We now aim to study the long-time behavior of energy solutions in the
phase space

(D(9),dy), with dy(u,u’) == dy(u,u’) + |p(u) — ¢(u)]
for all u,u’ € D(¢). (4.6)

We shall denote by e, the Hausdorft semidistance associated with the met-
ric dg, namely, for all non-empty sets A, B C D(¢), we have e4(A, B) =
SUP,e 4 infpep dy(a, b). Similarly, we denote by ey the Hausdorff semidistance
associated with the metric dy. Let us introduce the lifting operator

U:D(p)— X U(u) := (u,p(u)) for all ue D(¢)
and remark that U(m(E)) C E for all E C X and
ECU(D(¢9)) = E=U(m(E)). (4.7)

Furthermore, the metric dy restricted to the set U(D(¢)) coincides with dy,
namely

dx(U(ur), U(uz)) = dy(ur, us) for all uy,us € D(9). (4.8)

The following result (which is in fact a corollary of Theorems 4.4 and 4.6)
states that all information on the long-time behavior of energy solutions
is encoded in the set 7 (A), A being the global attractor for generalized
solutions.

Theorem 4.7 (Global attractor for energy solutions). Assume (Al)—(A4)
and (A5)—~(AT). Then,

1) the set £ from (4.5) is a generalized semiflow in the phase space
(D(¢),dy) defined by (4.6), and fulfills the continuity properties (CO)-
(C3) (cf. Definition Appendixz A.1),

2) the set
m1(A) is the global attractor for &, (4.9)

while m1(Z(S)) is the set of its rest points.
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4.2.3. Convergence to equilibrium for energy solutions in the (A, p)-
geodesically convex case

The following enhanced result on the convergence to equilibrium for en-
ergy solutions is the doubly nonlinear counterpart to (AGS05, Thm. 2.4.14),
which was proved for gradient flows in the (), 2)-geodesically convex case.

Theorem 4.8 (Exponential decay to equilibrium). Assume (A1)—(A4), and
suppose further that

¢ fulfills the (A, p)-geodesic convezity condition (2.14) with A > 0. (AS)

Let u € D(¢) be the unique minimizer of ¢. Then, every energy solution
fulfills for all ty > 0 the exponential decay to equilibrium estimate

> Pu(t). 1) < 9(ult) ~ o(8) < (6(u(t) — () exp(~3p/(t ~ 1)
for all t > t,. (4.10)
Hence, for allu € &€
de(u(t),u) -0 ast— +o0, (4.11)

and the global attractor of the generalized semiflow & is the singleton Z(E) =

{u}.

Notice that the (), p)-geodesic assumption (A8) has replaced (A5)—(AT7). Al-
though the proof is an adaptation of the argument for (AGS05, Thm. 2.4.14),
for the reader’s convenience we shall develop it at the end of Section 5.2.

5. Proofs

5.1. Proof of Theorem 4.6

Proof of Theorem 4.4. In order to check (H1), we fix (ug, po) € (X, dx).
It follows from Theorem 4.2 that there exists a generalized solution (u, )
fulfilling u(0) = up and ¢(0) = ¢(ug). We let

. p(t) fort >0,
2(1) :={ "
wo fort=0.
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Clearly, the pair (u, @) still complies with (2.22)—(2.23) and starts from
(uo, o) as desired. It can be easily checked that S fulfills the translation
and concatenation properties. What we are left with is the proof of the up-
per semicontinuity (H4). To this end, we fix a sequence {(ug, ¢f)} C X with
dy(uf, uo) + |0 — @o| — 0, and we consider a sequence {(u,,p,)} C S such
that u,(0) = uy and ¢, (0) = ¢f. Inequality (2.22) reads for all n € N

1 [ 1 [ /
= ey [0 )l + o) < onls)
forall 0 <s<t. (5.1)

Since

©n(t) > d(un(t)) VE>0 VneN, (5.2)

using inequality (5.1) for s = 0 and (4.1), we deduce that

/O (), / 081 (unlr), u(r))dr, ou(t), Sun(t))

are bounded uniformly with respect to n and ¢ > 0.

(5.3)

In view of (A4), we conclude that there exists a o-sequentially compact set
K C U such that wu,(t) € K for all n € N and ¢ > 0. Then, by exploiting
a suitably refined version of Ascoli’s theorem (see (AGS05, Prop. 3.3.1, p.
69)), we find a subsequence {u,} (which we do not relabel), a curve u €
ACY ([0, 400);U), and a function A € L} ([0, +00)) such that, also recalling

loc loc

(A3) and (5.3), one has

u, (t) 5 u(t) forall t >0, u(0) = uo, .
i inf 6(un(0) 2 6(u(t) forall 120, 6u(0) = o(w), ()
lup| = A in LY _([0,400)), A>|u] ae. in (0,400). (5.6)

loc

In particular, (A2b) yields that for all ¢ > 0
do(u(t), un(t)) — 0 as n — 0o,

On the other hand, since, for all n € N, the function ¢, is non-increasing,
thanks to Helly’s compactness theorem (see, e.g., (AGS05, Lemma 3.3.3, p.
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70)) and to the a priori estimate (5.3), there exists a (non-relabeled) sub-
sequence of {¢,} and a non-increasing map ¢ : [0,+00) — [0,400) such
that
o(t) = lim @, (t) > liminf ¢(u,(t)) > o(u(t)) for all ¢t >0,
n—oo n—oo

where the second inequality is due to (5.2), whereas the latter one to (A3).
Hence, ¢(0) = ¢o. We are now in the position of passing to the limit as
n — oo in the energy inequality (5.1). Relying on (5.4)—(5.5) and (2.5), and
exploiting Fatou’s Lemma, we conclude that the limit pair (u, ) fulfills (2.22)
for all 0 < s <t, and (H4) follows. m

Proof of Proposition 4.5. We fix a sequence {(u;,¢;)} C S with
{(u;(0),¢;(0))} dx-bounded and a sequence t; — +oo. Inequality (2.22)
for s = 0 and ¢ = t; yields that there exists a constant C' > 0 such that

o(u;(t;)) < @i(t;) < ;(0) <C VjeN. (5.7)

Thanks to (A4) we conclude that there exists a o-sequentially compact set
K' € U such that u;(t;) € K’ for all j € N. On the other hand, us-
ing (5.7) and recalling that ¢ is bounded from below (cf. with (4.1)), we
find that sup; [p;(t;)| < +oo. Hence, the sequence {(u;(t;), ¢;(t;))} admits a
d xy-converging subsequence.

The projection on the second component m : X — R is a Lyapunov
function for the semiflow S. Indeed, m, is clearly continuous and decreases
along the elements of S, since for all (u, @) € S the map ¢ is non-increasing.
Moreover, let (v,) be a complete orbit, such that there exists ¢ € R with
Wg(v(t),w(t)) = 1)(t) =1 for all t € R. Then, (2.22) yields

/w Vdr + + /|a Slw(r), d)dr <0 Vs <t

Hence, by the properties of the metric derivative we easily conclude that
there exists © € D(¢) such that v(t) = v for all ¢ € R, so that (v,?) is a
stationary orbit.

Finally, the check that the set Z(S) in (4.3) is the set of rest points is
immediate. O

The proof of Theorem 4.6 follows from Theorem Appendix A.6 and Propo-
sition 4.5.
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5.2. Proof of Theorem 4.7

[Ad 1).] Since S complies with (H1), so does £ = m;(S) thanks to Propo-
sition 2.14. Properties (H2) and (H3) can be trivially checked too. We also
note that, in view of Definition 2.2, any energy solution u is continuous on
[0, +00) with values in the space (D(¢),d,). In particular (CO0), (C1), and
(C3) hold.

In order to prove (H4), we fix a sequence {u,} C m(S) such that
dy(un(0),up) — 0 for some uy € D(¢). This entails that the lifted sequence
{(un(0), &(u,(0)))} fulfills da (U (un(0)),U(ug)) — 0 as n — +oo. Thanks
to Theorem 4.4, there exists (u, ¢) € S with u(0) = ug and p(0) = ¢(up), and
a subsequence {n;} such that for all t > 0 dx (U (un, (1)), (u(t), p(t))) — 0.
In view of Propositions 2.14 and 2.15, the curve u is an energy solution and
o(t) = ¢(u(t)) for all t > 0, so that

A (tn, (), u(t)) = do(un, (), u(t)) + [d(un, (1)) = P(u(t))] =0

as k — oo for all ¢ >0,

and the proof of (H4) is completed. The check of (C2) follows easily from
the same arguments as in the proof of Theorem 4.4. In particular, as long
as one restricts to energy solutions, it is easy to establish estimate (5.3) and
Ascoli’s Theorem (AGS05, Prop. 3.3.1, p. 69) in metric spaces entails the
desired convergence.

[Ad 2).] We shall prove that m;(A) is compact in the phase space (D(¢), dy)
and that it is invariant and attracting for £. To this aim, for every ¢t > 0,
we denote by T (t) (T1(t), resp.) the operator associated with the semiflow S
(with &, resp.) by formula (A.1). It follows from Proposition 2.14 that, for
all t > 0, T(t)X C U(D(¢)). Hence U(D(¢)) is positively invariant for the
semiflow S, i.e.

THU(D(6)) C UD($))  forall t> 0. (5.8)

As a consequence, the global attractor A of S fulfills A C U(D(¢)). Hence,
by (4.7) we have
A=U(m(A)). (5.9)

Moreover, as the projection operator is continuous from (U(D(¢p)),dx) to
(D(¢),dy), we conclude that the set m(A) is compact as well. Again us-
ing Proposition 2.14, it is not difficult to check that the operators 7 (t) and
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T:(t) are related in the following way:
Ti(t)(B) = m (T (t)(U(B))) for all B C D(¢) forall t>0. (5.10)

Hence, thanks to (5.9) and using that A is invariant for the semiflow S we
have

Ty (t)(mi(A)) = m(T () U(m(A)))) = m(T(E)(A) = m(A) Vi =0,

so that 7 (A) is itself invariant for £. Finally, we fix a bounded set B C
(D(¢),ds). Recalling (4.8), we deduce that the lifted set

U(B) is bounded in (X, dy). (5.11)
Hence,

lim ey(T1(t)(B),m(A)) = lim es(m (T (t)(U(B))), m

t—+o0 t—+o00 (
)

= lim €X(U(7T1<T(t

t—+o00

= lim ex(T(H)U(B)),A) =0

t—400

~—

<
~—~
~—
~—
~—

where the first identity follows from (5.10), the second one from (4.8), the
third one from (4.7), (5.8), and the last one from the fact that A attracts
the bounded sets of (X, dy) and from (5.11). By (5.12), m;(A) has the same
attracting property in (D(¢), ds), and (4.9) follows. O

Proof of Theorem 4.8. Notice that (A3) and (A4) guarantee that ¢ has
at least a minimizer u € U, which is unique by the (A, p)-geodesic convex-
ity (A8). Furthermore, the set of the rest points of the semiflow £ is given
by

Z(&) = {u}. (5.13)

Indeed, there holds
0 < o(w)—o¢(u) <0 for all w € Z(€),

where the first inequality ensues from the fact that @ is the minimizer of ¢,
while the second one follows from (2.17) and |07 ¢|(w) = 0, being w a rest
point. Then, ¢(w) = ¢(u), whence w = u by (AS).
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To check (4.10) one argues along the very same lines as in the proof
of (AGS05, Thm. 2.4.14). Namely, for every u € £ and all £ > 0 one sets
A(t) := ¢(u(t)) — ¢(u), noticing that

A(t) = —|07 6 (u(t))  for aa. t € (0, 400),

cf. with (2.8). Combining this with (2.17), one obtains the differential in-
equality
A'(t) < =ApA(t) for a.a. t € (0, +00),

whence the second inequality in (4.10). The first one ensues from the first
of (2.17). Then, (4.11) is a trivial consequence of (4.10) via (A2a). Clearly,
(5.13) and (4.11) yield that the attractor for £ is given by {u}. =

6. Applications to doubly nonlinear equations in Banach spaces

Hereafter, we shall denote by

B a (separable) reflexive Banach space, with norm || - ||.

6.1. Doubly nonlinear evolutions driven by nonconvex energies

Let ¢ : B — (—o0, +00] be a proper functional complying with (A3)—(A4) in
the ambient space

U = B, with d(u,v) = |[v — u|| and o the strong topology (6.14)

(see the following Sec. 6.2 for a different choice). In this framework, we
shall extend the discussion of Section 3.1 to the doubly nonlinear differential
inclusion

Jo(W () +0p(u(t)) 20  inB foraa. te(0,T), (6.15)

which features the limiting subdifferential Oy of ¢ (cf. with (6.16)), a gen-
eralized gradient notion related to the strong-weak closure of the Fréchet
subdifferential (3.30) of ¢.
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Literature on gradient flows with limiting subdifferentials. Being
¢ nonconvex, the Fréchet subdifferential is not, in general, strongly-weakly
closed in B x B’ in the sense of graphs. It is hence meaningful to consider its
strong-weak closure (along sequences with bounded energy) 0,¢, defined at
some u € D(¢) by

Ju, € B,&, € B with &, € 9¢(u,,) for all n € N,

§ € Oip(u) = Uy — v, & — € asn — 400, sup @(u,) < +00. (6.16)
In analogy with (3.31), for u € D(¢) we shall use the notation
7o)l = nf (el : € € o) 61
97 ¢(u) = Argmin {[[¢]]. = € € Ofo(u)} .

Notice that, in general, the latter set may be empty. The limiting subdiffer-
ential, first introduced in (KrMo80; Mor84), was proposed as a replacement
of the Fréchet subdifferential for gradient flow equations in Hilbert spaces,
driven by monconvex energy functionals, in the paper (RoSa06). Therein,
existence and approximation results for the gradient flow equation

u(t) +0p(u(t)) 20  inH foraa. te(0,T), (6.18)

(corresponding to p = 2 and to B = H, H a separable Hilbert space, in (6.15))
were obtained, and applications to various PDEs were developed, under the
standing assumptions (A3)—(A4), the hypothesis that ¢ satisfies the conti-
nuity property

U, = u,  sup ([|050(un)lw (un)) < +o00 = d(uy) = ¢(u), (6.19)
and that the chain rule w.r.t. dy¢ holds, which we already state in the general
(p, p')-case
if ue ACP([0,T);B), € € LP(0,T;B), £(t) € dup(u(t)) for a.a. te (0,7T)

then ¢owue AC([0,T]), Lo(u(t)) = (&(t),u (1))

for a.a. t € (0,7). (6.20)

The subsequent paper (RSS08) addressed the long-time behavior of a slightly
less general version of equation (6.18) (see (6.22) below), in which d,¢ was
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replaced by a strengthened variant, the strong limiting subdifferential O,
defined at some u € D(¢) by

Ju, € B,&, € B with &, € 0¢(u,,) for all n € N,
€ € 80(w) { 3 En € 0(uy)

Uy, = v, & — Easn— o0, o(v,) = d(v).

In fact, it was shown in (RSS08, Lemma 1) that Jy¢ is the (sequential)
strong-weak closure of d;¢ along sequences with bounded energy, namely for
all u € D(¢)

Uy — U, gk - 67 sup ¢<uk) < +OO,
k

E€dp(u) < JureB, &eB:
& € 0s¢(uy) for all k € N.

(6.21)

Assuming (A3)—(A4) and (6.19)—(6.20), the existence of the global attractor

for the semiflow associated with
u'(t) + 0s0(u(t)) 20  inH foraa. te(0,7), (6.22)

was proved in (RSS08) under the further condition that the set of the rest
points

{u € D(¢) : 0€ 0sp(u)} is bounded in the phase space (4.6).

Existence of the global attractor for (6.15) via energy solutions.
Following the outline of Section 3.1, we shall analyze (6.15) from a metric
point of view. Namely, in Proposition 6.2 below we shall prove that the en-
ergy solutions of the metric p-gradient flow of ¢, in the ambient space (6.14),
yield solutions to (6.15). Further, we shall show that, if ¢ is in addition
(A, g)-convex, namely if (2.15) holds for some A € R and ¢ € (1,00), then
energy solutions in fact exhaust the set of solutions to (6.15). Hence, we shall
deduce from Theorem 4.7 a result on the long-time behavior of the solutions
of (6.15), see Theorem 6.4 later on.

Our starting point is the following key proposition.

Proposition 6.1. In the setting of (6.14), suppose that ¢ : B — (—o0, +00]
complies with (A3)-(A4).

1. Then,
107 o(u)ll« < [07¢|(w)  for allu € D(|074]). (6.23)
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2. If, in addition, ¢ is (X, q)-convex for some A € R and q € (1,00), then
for all u € D(¢)

Op(u) = Do(u) = d(w), |07 6l(w) = 9l(w).  (6.24n)
10°0(u)ll« = 1|97 d(u)ll« = [07¢|(u) = [0¢](u) . (6.24b)
Furthermore, the local slope |0¢| is a strong upper gradient.

Proof. Preliminarily, we recall that, being reflexive, B has a renorm which
is Fréchet differentiable off the origin. Therefore, up to switching to an
equivalent norm, we may suppose that the map

1
veEB— §||7JH2 is Fréchet differentiable on B (6.25)

(however, in the Appendix we are going to present a proof which does not
use (6.25)).

Proof of (6.23). It is not restrictive to suppose that |07 ¢|(u) < 4+o00: hence,
(up to further extractions) we can select a sequence {u} C B such that

up = u, Plur) = du),  [08](w) = (07 (u) . (6.26)

Now, we invoke (AGS05, Lemma 3.1.5), which provides a duality formula
for the local slope |9¢]: for every k € N, there exists a sequence {r}};, with
Tf 4 0 as 7 — 0o, and a selection

2 ¢ Argmin 4 1V =l 6.27

b e Arguin g Iy g0 (6.27)
veB r;

such that

R | e K .
|00|*(ug) = lim T and  z] — uy as j — oo. (6.28)

rh
J

Notice that (6.27) yields gb(zjk) < ¢(uy) for all j € N, whereas, by the con-
vergence of {zF'}; in (6.28) and the lower semicontinuity of ¢, we gather
liminf; ¢(2}) > ¢(ux), so that

gb(zf) — o(ug) as j — 0o. (6.29)
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Furthermore, (6.25) ensures that there holds the following sum rule for the
Fréchet subdifferential

” '—Uk||2 c— U
a _— ¢ = =+ (9(25 .
< 270? J2 7’?

Hence, we may conclude that for all j € N zf fulfills the Euler equation

-
T (Zf Tk“’“) +06(25) 50,

J

namely
k 2 Uk k
Jw) € J, - N (=0o(z})) - (6.30)
J
Thus, in view of (6.28) and the definition of Jo,
(10¢] (ur))* = lim [lwf]?. (6.31)
j—o0

By a diagonalization procedure, collecting (6.28), (6.29), and (6.31), we may
extract subsequences {w} }, {2} } ({wi}, {z} for short) such that for all
keN

(el — 1091(ue)] + 12k — sl +10(z1) — o)) < 7 (632

Thus, in view of (6.26) we find that z — u, ¢(2x) — ¢(u) and that there
exists w € B* such that, up the extraction of a further non-relabeled sub-
sequence, w; — w in B*. We readily conclude from (6.30) and from the
definition of 0y¢ that

—w € Opp(u). (6.33)

On the other hand, with (6.32) and (6.26) we find
|w||g+ < liminf ||wy||« = liminf |0¢|(us,) = |0 ¢|(u) (6.34)
k—o0 k—ro0

Combining (6.33) with (6.34) we arrive at (6.23).

Proof of (6.24). Relations (6.24) have been proved in (RMS08, Prop. 5.6)
for A-convex functionals. Mimicking the proof of (RMS08, Prop. 5.6) and
taking into account Proposition 2.7, it is easy to extend (6.24) to the (X, q)-
convex case. In the same way, the last statement follows from the very same
arguments as in the proof of (RMS08, Prop. 5.11). O
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Proposition 6.2. In the setting of (6.14), suppose that ¢ : B — (—o0, +o0]
complies with (A3)-(A4).

1. If ¢ also fulfills the chain rule (6.20) with respect to Oy and
Rd(u)#£D  for all u € D(9yd), (6.35)

then
|07 ¢| is a strong upper gradient. (6.36)

Further, any energy solution u € ACP([0,T]; B) of the metric p-gradient
flow of ¢ is also a solution of the doubly nonlinear equation (6.15) and
fulfills the minimal section principle

—9o(u(t)) C J,(u'(t))  for a.a. t € (0,T). (6.37)

2. In addition, if ¢ fulfills (2.15) for some A\ € R and ¢ € (1,00), a
curve u € ACP([0,T); B) is an energy solution if and only if the map
t — ¢(u(t)) is absolutely continuous on (0,T) and u fulfills (6.37).

Proof. Property (6.36) is a straightforward consequence of the chain rule
(6.20) and of inequality (6.23). The proof of the subsequent statement relies
on the same argument as (AGS05, Prop. 1.4.1): we shall however sketch
it for the reader’s convenience. It follows from (2.10) and (6.23) that any
energy solution v € ACP([0, T]; B) fulfills (note that u is almost everywhere
differentiable, hence |v/|(-) = ||v/(+)]] a.e. in (0,7))

t = 97 o(u(t)|- € L¥(0,T),

1 1 , 6.38
(@ou(0) <~ - Lot oran te 1) O
On the other hand, arguing in the same way as in the proof of (RoSa06,
Lemma 3.4) and also exploiting (6.35) and the first of (6.38), we find that
there exists a selection &, € Lp/(O,T; B*) in the multi-valued map ¢ —
99o(u(t)). The chain rule (6.20) yields (¢ o u)’ = (&min, v’y a.e. in (0,7).
Combining this with the inequality in (6.38), we conclude (6.37).
The converse implication may be proved in the (), ¢)-convex case by a
completely analogous argument, relying on identity (6.24b). O
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Remark 6.3. On behalf of the above result, we are entitled to refer to the
energy solutions of the metric p-gradient flow of ¢ as the metric solutions

of (6.15). It follows from the proof of Proposition 6.2 that a curve u €
ACP([0,T7; B) is a metric solution of (6.15) if and only if

—(@ouw)'(t) = ' OI07 ¢l (u(t)) = [l O FS(u®)l« for a.a. t € (0,T).

The following result is a direct consequence of Theorem 4.7 and the previous
Proposition 6.2.

Theorem 6.4. In the setting of (6.14), suppose that ¢ : B — (—o00, +0]
complies with (A3)—-(A4), with the conditional continuity (CONT), and with
(A5). Then,

1. if ¢ also complies with (6.35) and

the set of the rest points {u € D(¢) : 0 € Opp(u)}

. . (6.39)
is bounded in the phase space (4.6),

then the semiflow associated with the metric solutions of equation (6.15)
(cf. with Remark 6.3) admits a global attractor;

2. if ¢ is (X, q)-convex for some A € R and q € (1,00) and complies
with (6.39), the semiflow generated by the whole set of solutions to
(6.15) admits a global attractor.

6.2. Outlook to quasivariational doubly nonlinear equations

Finally, we show how our results can be applied to the study of the long-time
behavior of a class of doubly nonlinear equations of the form

O (u(t),u' (t)) + Opp(u(t)) 20  in B foraa. te(0,T), (6.40)

where the dissipation functional ¥ : B x B — [0,+00) also depends on
the state variable u, and which are often referred to as quasivariational,
cf. (RMS08) and the references therein.

In particular, following (RMS08), where the metric approach was applied
to prove the existence of solutions to the Cauchy problem for (6.40), we shall
focus on the case the functional VU is given by

_ Nu (V)P .
U(u,v) = ——— for all u, v € B, with 1 < p < oo, and (6.41)

p
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{Nu}ues 1is a family of norms on B, such that
IJK>0 Yu,veB: K| <n(v) <Kl

and the dependence u — 7, is continuous in the sense of M OSCO-convergence
(see, e.g., (Att86, Sec. 3.3, p. 295)), namely

(6.42)

Uy, = U, v, —v inB = liminfn, (v,) > n.(v), (6.43a)

n—oo

U, —u, veEB = FJu, —>wv: lim n,, (v,) =n.(v). (6.43b)

n—o0

For all u € B, we shall denote by 7, the related dual norm on 5.

Within this framework, the metric approach to (6.40) may be developed
by endowing the ambient space

U = B with the Finsler distance induced by {n, }ues, i.e.
1
d,(v,w) = inf W (W () dt : uw e AC([0,1]; B),
o) =int { [ (o) OB, (g
u(0) = v, u(l) = w}

for all v, w € B. Then, we have the analogue of Proposition 6.2 (see (RMS08,
Prop. 8.2) for the proof).

Proposition 6.5. In the setting of (6.42)—(6.44), suppose that ¢ : B —
(—o00, +00| complies with (A3)—(A4), that ¢ fulfills the chain rule (6.20) with
respect to g, and that (6.35) holds.

Then, any energy solution u € ACP([0,T];B) of the metric p-gradient
flow of ¢ is also a solution of the doubly nonlinear equation (6.40) with ¥
given by (6.41), and fulfills the minimal section principle

DU (u(t), o/ (t)) > Argmin {mm*(—ﬁ) £ e 8g(u(t))}
for a.a. t € (0,T). (6.45)

Conversely, if ¢ fulfills (2.15) for some A € R and q € (1,00), a curve
u € ACP([0,T]; B) is an energy solution if and only if the map t — ¢(u(t))
is absolutely continuous on (0,T), and u fulfills (6.45).

Hence, we derive from our general Theorem 4.7 the quasivariational coun-
terpart to Theorem 6.4. To avoid overburdening this paper, we prefer to
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omit the statement that, under the assumptions of Proposition 6.5 and the
boundedness of the set of the rest points (6.39), the generalized semiflow
associated with the metric solutions to (6.40) admits a global attractor.

Example 6.6. Our results apply to the following generalized Allen-Cahn
equation

p(u) [ugPuy — div(B(Vu)) + W (u) =0 in Q x (0,7), (6.46)

with Q C R? a bounded domain with sufficiently smooth boundary, p :
R — (0, +00) a continuous function, bounded from below and from above by
positive constants, 3 : R? — R? the gradient of some smooth function j on
R? and W : R — R a differentiable function. For simplicity, we supplement
(6.46) with homogeneous Dirichlet boundary conditions for w.

The boundary value problem for (6.46) can be recast in the general
form (6.40) in the Banach space

B = LP(Q),

with the choices

1/p
Nu(v) == (/Q p(u(z))|v(z)P dx) for all u, v € LP(Q), (6.47)
and

/Q ((Vu(x)) + W(u(z))) dz
Plu) = if uw € HY(Q), j(Va) + W) € L}(@),  (048)

+o00 otherwise.

We refer to (RMSO08, Sec. 8.2) for the proof of the fact that the family of
norms {n,} (6.47) fulfills (6.42)—(6.43b), and for the precise statement of
the assumptions on the nonlinearities j and W, under which the functional
¢ (6.48) complies with the assumptions of Proposition 6.5. Let us just men-
tion that, in particular, the classical double-well potential W(r) = @ fits
into the frame of such assumptions.
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7. Application to Curves of Maximal Slope in Wasserstein spaces

In this section, we aim to apply our general Theorem 4.7 to the long-
time analysis of the class of diffusion equations in R? d > 1, mentioned in
the Introduction (cf. with (1.12)). We shall systematically follow the metric
approach to evolutions in Wasserstein spaces developed in (AGS05). In order
to make the paper as self-contained as possible, we recall some preliminary
definitions and results on gradient flows in Wasserstein spaces in Sec. 7.1
below, referring to (AGS05) for more details and all the proofs.

7.1. Setup in Wasserstein spaces

Hereafter, we shall denote by .#¢ the d-dimensional Lebesgue measure
and by 7 : R x R* — R?, i = 1,2, the projection on the i-component.

In the following, we shall work in the space of probability measures in R?
with finite p-moment, i.e. we shall take U to be

U=2,R = {u c ZRY) : /R |z|P dp(x) < +oo} : (7.49)

endowed with the p-Wasserstein distance

Wy(yi1 12) = min { ([ =) e wl,ug)} (7.50)

for all yy, ps € P,(R%), where I'(uu1, p2) is the set of probability measures
v € Z(R*xR?) fulfilling the push-forward relations 7}y = yu and 7%y = iy
(namely, for all Borel subset B C R and i = 1,2 u;(B) = v((7")~1(B)) ). We
shall denote by TI'y(p1, 112) the class of the measures v € I'(ug, o) attaining
the minimum in the definition of W,. It follows from (AGS05, Prop. 7.1.5)
that the metric space (£2,(R%),W,,) is complete, so that (A1) is fulfilled. In
this setting,

o is the topology of narrow convergence. (7.51)

We recall that a sequence (u,) C Z(R?) narrowly converges to some p €
P(R?) if for all f € C2(RY) (the space of continuous and bounded functions
on RY) there holds

fim [ f@) () = |7 du(a).

n—oo Rd

42



The narrow topology complies with (A2a) thanks to (AGS05, Lemma 7.1.4),
while property (A2b) ensues from (AGS05, Rem. 5.1.1).

A remarkable property of absolutely continuous curves with values in
Z,(R%) is that they can be characterized as solutions of the continuity equa-
tion. More precisely (see (AGS05, Thm. 8.3.1)), with any
pn € ACP([0,T); Z,(R%)) we can associate a Borel vector field v : (z,t) €
R? x (0,T) — vs(x) € R? such that for a.a. t € (0,7)

v € LP(py; RY), and |1/[(t) = (|02 Lo yima

— (/R ]vt(x)|pdut(x)) h , (7.52)

and py, v, fulfill the continuity equation
Oty +div(vyey) =0 in R4 x (0,7) (7.53)

in the sense of distributions. In fact, the velocity field v; turns out to be
unique in some suitable sense, see (AGS05, Chap. 8).

Finally, we recall that it is possible to introduce a subdifferential notion
intrinsic to the Wasserstein framework. In fact, for the sake of simplicity we
shall not recall (AGS05, Def. 10.3.1) in its general form, but in a particular
case.

Definition 7.1. Let ¢ : 2,(R?) — (—o0,+00] be a proper and lower semi-
continuous functional and let i € D(p). Given a Borel vector field £ : R —
R?, we say that & belongs to the (extended) Fréchet subdifferential of ¢ at p,
and write £ € O¢(u), if

£ e L (j; RY), and, as v — p in Z,(RY),
o) =0 = int [ ()= a)drlen) +o(Wylpr)

T y€To(py)

In agreement with notation (6.17), we define

{I|3°¢(u)\|mmm) = nf{[|€]l L umay € € BO(1)},
9°¢(p) := Argmin{|[€]| Lo ey = & € BP(11)} -
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Gradient flows in Wasserstein spaces. Hereafter, we shall focus on
proper and lower semicontinuous functionals ¢ : Z,(R?) — (—oo, +oc], ful-
filling some coercivity condition which we do not specify, for it is implied
by our general lower semicontinuity /compactness conditions (A3)—(A4), and
such that ¢ is regular, i.e. for all (u,) C Z,(R?), with ¢, = ¢(u,) and
&n € 09(uy,), there holds

(,un — pin Z,(RY),

SOTL — SD? 6
. {66 o),

sup [|€nl Lo’ 1, may < 400, (7.54)
" v =0,

(1 % &)t — (0 X &) ppt
narrowly in (R4 x RY),

(i : R — R? denoting the identity map). Notice that (7.54) is in the same
spirit as the conditional continuity (CONT).

Using this (extended) Fréchet subdifferential notion, in (AGS05, Chap. 11)
a formulation of gradient flows intrinsic to the Wasserstein framework has
been proposed: according to (AGS05, Def. 11.1.1), we say that a curve
p € ACP([0,T]; Z,(R%)) is a solution of the p-gradient flow equation driven
by ¢ if its velocity field v; (7.52)—(7.53) satisfies the inclusion

Jp(vr) € —0d(11r) for a.a. t € (0,7, (7.55)

(where J,, : LP(jy; RY) — LP' (s RY) denotes the duality map) and complies
with the minimal section principle

Jp(v) € —0¢° (1) for a.a. t € (0,7). (7.56)

Under the assumptions that ¢ is lower semicontinuous, coercive, and reg-
ular in the sense of (7.54), (AGS05, Thm. 11.1.3) provides the crucial link
between curves of maximal slope and gradient flows in Wasserstein spaces:
it states that

p € ACP([0,T); Z,(RY)) is a p-curve of maximal slope w.r.t.
the local slope |0¢| if and only if
p is a solution of the gradient flow equation (7.56)

and the map ¢t — ¢(j,) is a.e. equal to a function of bounded variation.
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Relying on this result and on our Theorem 4.7, we shall prove the existence
of the global attractor for the solutions of the gradient flow equation (7.55),
driven by a functional ¢ which is the sum of the internal, potential, and
interaction energy, cf. with (7.60) below.

7.2. The sum of the internal, potential, and interaction enerqgy
As in (AGS05, Sec. 10.4.7) (cf. also (CmCV03; CmCV06)), we consider the
following functions

V:R?— (—o00, +00| proper, lower semicontinuous, such that

its proper domain D(V') has a non-empty interior O C R,

F :]0,400) = R convex, differentiable, with F(0) = 0,
and satisfying the doubling condition (F1)
3CFr >0 Vz,we [0,+00) 1 F(z+w) <Cp(l+ F(z)+ F(w)) ,
W:RY — [0,400) convex, Gateaux differentiable, even,
and satisfying the doubling condition (W1)
0w >0 Va,y e R : W(r+y) <Cw 1+ W(z)+W(y)),

which induce the following functionals on Z2,(R?):

V(p):= [ V(zr)du(z) (potential energy), (7.57)

R4
F do if u= p&L?,

Flu) = /Rd (plx))dw it j1=p (internal energy), (7.58)
—+00 otherwise,
1

W(p) = 5/ Wi(z,y)d(p @ p)(z,y) (interaction energy). (7.59)

Rd xR

Hence, for given constants ¢; € (0,+00) and ¢y, ¢35 € [0,+00) we define
¢ PR — (—o0,+00] by

o(p) = etV(p) + caF (1) + csW(p) - (7.60)

We further assume that the function V' is p-coercive, i.e.

lim sup Viz) _ +00, (V2)

|z| =400 |‘T|p a
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and that (cf. with condition (Agu03, (2)))
V is (A, p)-convex on R? for some A € R. (V3)

Notice that (V3) yields that V' is Gateaux-differentiable in O. As for F', we
require that

(s)

F' has a superlinear growth at infinity, i.e. limsup = 400, and
lim inf > —oo for some o > —— |
sl0 S« d + D
and finally that
the map s — s?F(s7%) is convex and non-increasing in (0, +00).  (F3)

We associate with F' the function Lg : [0, +00) — [0,400) given by
Lr(r)=rF'(r)— F(r) for all » > 0.
Remark 7.2. We point out that (F2) yields
3C,Co>0Vr>0: F(r)>—-Cy — Cor®, (7.61)

(F'~ being the negative part of F), and refer to (AGS05, Chap. 9) for fur-
ther details on the above conditions. We shall just mention (see (AGSO05,
Rem. 9.3.10)) that examples of functionals complying with (F1, F2, F3) are

the entropy functional F(s) = slog(s),
1 (7.62)

s™, form > 1.

the power functional F(s) =

m—1
(in fact, the case 1 — 1/d < m < 1 can also be treated, see (AGSO05,
Rem. 9.3.10)).

Remark 7.3 ((\ p)-geodesic convexity of ¢). It follows from
(AGS05, Props. 9.3.5, 9.3.9) that, thanks to (W1) and (F3), the functionals
W and F are convex along geodesics in Z2,(R?). On the other hand, arguing
as in the proof of (AGS05, Prop. 9.3.2), one verifies that the potential energy
V is (), p)-geodesically convex in Z2,(RY). We thus conclude that

¢ from (7.60) is (A, p)-geodesically convex in Z2,(R%).

46



The following proposition collects the main properties of ¢. We shall just
sketch its proof for the reader’s convenience.

Proposition 7.4. In the setting of (7.49)—(7.51), assume (V1)—(F3). Then,
the functional ¢ : P, (R?) — (—o0, +00] defined by (7.60) fulfills (A3)—(A4)
and (A6)—(AT); ¢ is regular in the sense of (7.54), there holds

061(n) = |0%6l(k)  for all j € D(9), (7.63)

and the (extended) Fréchet subdifferential O¢ of ¢(p) admits the following
characterization at every p € D(¢):

£€0o(n) if and only if £ € Lp/(u;Rd) and for all v € Z,(R?)

o) =0 = int [ (ela).y—a)dr(en) + SWE).

o 'VEFO(MVV)

(7.64)

Furthermore, if u € ACY ([0, 4+00); Z,(R%)) is an energy solution (in the

sense of Definition 2.2), then there exists p : t € [0,4+00) — p; € L'(R?)
such that

/ pi(z)dr =1, / |[Ppe(2) da < 400, = p L’ for all t € [0, +00),
Rd Rd

VLp(p:)
Pt

the map t — ||c;VV + ¢y + 3 VIW % py € L7 (0, +00),
LY (p4;RY)

(where x denotes the convolution product), satisfying the drift-diffusion equa-
tion with nonlocal term

VLEr(p:)

Pt

Opy — div (ptjp/ <01VV + ¢ + 3 VW % pt)) =0 (7.65)

in P'(R? x (0,+00)) (ju(r) = |r[P""%r), and the energy identity for all
0<s<t

/t
Proof. 1t follows from (AGS05, Lemma 5.1.7, Example 9.3.1, Rmk. 9.3.8)
that the functional ¢ is sequentially lower semicontinuous w.r.t. the narrow

VLr(pr) P

Pr

c1VV 4 ¢ + csVW x p,

dr + é(p) = ¢(ps) . (7.66)

LV (prRY)
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convergence. In order to prove (A4) in the case ¢; > 0 (the proof for ¢co =0
being analogous), let us consider a sequence {j,, = p,-Zs} C Z2,(R?) fulfilling
sup,, ¢(pn) < +00. Using that W takes nonnegative values and the coercivity
(V2) of V, one finds that

sup ( /R o F(pu(e) o+ M, /R el pule) dx) < 400, (7.67)

for some M; > 0. On the other hand, being (ap)/(1 — a) > d by (F2), one
has

K:= [ (1+]z]) 7% dz < +o0,
Rd

and Holder’s inequality yields

/Rd pul@) do = /Rd Py (@) (1 + [2|)*P(1 + [z|)~*" dx

< (/R (@) (1 + |z])? dx)aKl‘a.

Therefore, from (7.61) we infer that
[ Fe@)ar=-ci-. [ g
Ré R

> —Cl — C2K17a2a(p71) (1 —|—/ pn(SC)|£C‘p dl’) (768)
R4

> —C) —Cyyy <1 +/ pn(x)mpdx) - C,
Rd

the last passage following from a trivial application of the Young inequality
with a suitable constant C);, > 0 depending on M; and to be specified
later. Combining (7.67) and (7.68), and choosing Cj, in such a way that
c2Chy, < My /2, we conclude that

M
sup (71 /d |z|? pn () dx> < ~00. (7.69)
n R

Thus, the integral condition for tightness is satisfied and, by the Prokhorov
theorem, {u,} admits a narrowly converging subsequence. Furthermore, it
follows from (7.69) that for all € > 0 {p,,} has uniformly integrable (p — ¢)-
moments so that, by (AGS05, Prop. 7.1.5), it is W,,_.-relatively compact.
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It follows from Remark 7.3 and from Proposition 2.7 that the local slope
|0¢| is a strong upper gradient. Furthermore, arguing as in the proof of
(AGS05, Lemma 10.3.8) one easily checks that, by (), p)-geodesic convexity,
the functional ¢ is also regular, and (7.64) can be shown by repeating the
calculations of (AGS05, Thm. 10.3.6). Property (7.63) is proved in (AGS05,
Prop. 10.4.14). In view of (AGS05, Thms. 10.3.11, 10.4.13), we have that for
a given measure p € Z,(R%)

[06](1) = 10" ¢l (1) < +o0 if and only if Lr(p) € Wy, (0),

loc

there exists a unique w € L (j1; RY) s.t. (7.70)
[wll o gy = 10° () Lo umay = 10¢] (1),

and there holds
pw = c1pVV + &V Lp(p) + csp(VW)%p  p—ae in RL (7.71)

Thus, the conditional continuity (CONT) follows from combining (7.70) with
the regularity property (7.54).

Finally, let u € ACP([0,T]; 2,(R%)) be a p-curve of maximal slope: col-
lecting (7.56), (7.70), and (7.71), we conclude that its velocity field satisfies
for a.a. t € (0,7)

VLEr(pt)

Pt

—Jp(v) = a1 VV + ¢ + csVW % p, p —a.e. in RY.
Joint with the continuity equation (7.53), the latter relation yields (7.65).
Then, the energy identity (7.66) ensues from (7.52) and (2.9). O

Remark 7.5 (An alternative convexity assumption). Instead of the (A, p)-
convexity condition (V3) for V', one could impose the standard A-convexity
on V, with A having a different sign depending on p, namely

V A-convex on R?, with A >0 ifp<2orA<0if p>2. (V3)

It is proved in (AGSO05, Prop. 9.3.2) that, under (V3’), the functional V
is (), 2)-geodesically convex on Z(R%), and so is ¢ given by (7.60). It is
not difficult to verify that the proof of Proposition 7.4 goes through upon
replacing (V3) with (V3’).
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7.3. Global attractor for drift-diffusion equations with nonlocal terms

Remark 7.6 (Reduction to the (), p)-geodesically convex case, with A < 0).
In view of Proposition 7.4 and Theorem 4.8, if ¢ from (7.60) is (A, p)-
geodesically convex with A > 0 (which is implied by V' being (), p)-convex
with A > 0), then the global attractor for the semiflow of the energy solu-
tions (of the gradient flow associated with ¢), reduces to the unique minimum
point of ¢, to which all trajectories converge as t — 400 with an exponential
rate.

Therefore, henceforth we shall focus on the case in which

V is (A, p)-convex on R?, for some \ < 0.

The following result provides the last ingredient for the proof of the ex-
istence of the global attractor for the drift-diffusion equation (7.65).

Lemma 7.7. In the setting of (7.49)—(7.51), assume (V1)—~(F3), and that
(V3) holds with A < 0. Then, the set of the rest points

%(¢) = {n e PR : 0€dp()}
i=pZs Lr(p) € Wy (0),
01VV + Co VLF(p)

= /]E'@p(Rd):

+esVIWsp=0 f—ae inR?

is bounded in the phase space (D(¢),dy), dy being as in (4.6).

Proof. We suppose that co > 0, referring to the following Example 7.9 for
some ideas on the case c; = 0. Due to (7.64), for every g = p.%; € %(¢)
there holds in particular

_ LA I
o) — () = Wy (i 1)
for all ji = p.%) € Z,(RY), with p € C°(R?) compactly supported.

(7.72)

Let t : RY — R? be the unique (by (AGS05, Thm. 6.2.4)) optimal transport
map between i and fi, so that

W) = [ @) —aPdite) <27 [ P date) +27 [ ol date).

It
R4
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Hence, it follows from (7.72) (recalling that A < 0 and that fi is compactly
supported) that

o)+ 22— [ ol aat)
<o) - 2~ [ )P da(o) < 8() +C, (7.73)

Exploiting now (V2) and (F2) and repeating the calculations developed
throughout (7.67)—(7.69) in the proof of Proposition 7.4, it is not difficult
to infer from (7.73) that

_ n) <C
3C >0 Ve X(o) : ¢(,u)__ ’ ~ — (7.74)
W£(507/J’) < fRd ’$|pdﬂ(x> < C?
dp denoting the Dirac mass centered at 0, which concludes the proof. ]

On behalf of Theorem 4.7, Proposition 7.4, and Lemma 7.7, we thus conclude

Theorem 7.8. In the setting of (7.49)—(7.51), assume (V1)—~(F3), and that
(V3) holds with A < 0.

Then, the generalized semiflow generated by the energy solutions of the
gradient flow driven by ¢ from (7.60) admits a global attractor.

Example 7.9. In the case ¢; = ¢3 = 0, the set of the rest points (o)
consists of the measures ji € Z,(R?) satisfying

ARI\ S)=0, with S={zeR’: VV(z)=0}. (7.75)

The boundedness of ¥(¢) follows from (V1), (V2), and (V3) (with A < 0).
Indeed, the latter condition and (7.75) yield that for every fixed § € O there
holds

A
V(y) = V($)+]—)|§—l‘|p for i —a.a.x € R?,

whence, also using (V2), we find that for all My > 0 there exists Cyy, > 0
with

oAl AP~1
V(y) — lyl? > V() + |z[P

V) 1 A2 Cus
>\ = = p__ 2
= +2<M2+p>’x| 2
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for ji-a.a. x € RY. Choosing My > —\2P/p and taking into account that
V' is bounded from below, one immediately deduces (7.74). An analogous
argument can be developed in the case V' is A-convex in the standard sense.

Example 7.10. In the case ¢ # 0 and ¢3 = 0, V fulfills (V1), (V2),
and (V3) (with A < 0), and F' is either the entropy or the power func-
tional (cf. with (7.62)), then ¥(¢) reduces to a singleton. In fact, when
F(s) = slog(s) the stationary equation defining the set of the rest points of
¢ becomes

V5
aVV + CQTP =0 b= pZL%a.e. in RY,
p

leading to

1
ﬂ = Ee—V$d7

(where Z = [0, eV(@ dx). Similar calculations may be developed in the case
of the power functional.

8. Application to phase transition evolutions driven by mean cur-
vature
Throughout this section, we shall assume that
Qis a C', connected, and open set, (8.76)
and take as ambient space

U= H (), o being the norm topology (8.77)

8.1. The Stefan-Gibbs-Thomson problem

It is straightforward to check that, in the setting of (8.77), the functional
Psie 1 HH(2) — [0, +oc]

) 1
nteava { [ (3= xP+ fun0) o+ [ o}
L Q Q
Pste(u) = if u e L2(Q),

+00 otherwise

complies with (A3)-(A4). Given u € D(¢se) = L*(Q2), we denote by M (u)
the non-empty set of the x’s in BV(Q; {—1,1}) attaining the minimum in
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the definition of ¢ge, and by O¢gie its Fréchet subdifferential with respect
to the topology of H~1(€) (which we identify with its dual). Therefore, the
limiting subdifferential 9,¢s;. is given at every u € L*(2) by

Elun < H_I(Q)a gn S H_1<Q) Wlth
1 &n € Opsie(uy,) for all n € N|
Orpsie(u) =4 €€ HTH(Q) © sy in HH(Q), & — € in H1(Q),
sup (bSte(un) < 400

It was proved (cf. with (RoSa06, Thm. 2.5)) that, for every initial datum
ug € L2(), every u € GMM(¢ste, up) (Which is a non-empty set thanks to
Theorem 4.2) fulfills the Cauchy problem for the gradient flow equation

u'(t) + Opbsic(u(t)) 0  in HHQ) for a.a. t€ (0,T).

The following result sheds some light on the properties of 0y¢psie.
Proposition 8.1. The functional ¢se fulfills the continuity property (CONT)

and
for all u € L*(QQ) there exists a unique X, € BV(Q) such that

Xu € M(u) and u — X, € Hy(). (8.78)

Further, let w € L*(Q) fulfill |07 ¢sie|(u) < +o00. Then, Opbsie(u) is non-
empty and, more precisely,

Orpse(u) = {A(u — Xu)}, (8.79)

(A being the Laplace operator with homogeneous Dirichlet boundary condi-
tions) with 9 = u — Xy fulfilling the weak form of the Gibbs-Thomson law,
i.e. for all ¢ € C?(Q;RY) with ¢ -n =0 on 0N there holds

/ (div¢ —v" DCv) d|DX.| = / div(9¢) Xy dz, (8.80)
0 0

DX.)
d|DX.|
inner normal to the boundary of the phase {x € Q : X,(x) = 1}. Finally,
there holds

0% dsiel(u) = |A(u = Xo)ll-1(@) = IV (1 = Xu) [ 22 - (8.81)

where the Radon-Nikodym derivative v = 1s the measure-theoretic

53



Remark 8.2. In view of the conditional continuity (CONT) and of Propo-
sition 2.14, for any generalized solution (u, ¢) of the metric gradient flow of
¢ste there holds ¢ = ¢ o u. Hence we shall simply refer to any generalized
solution (u, ) as u.

Proof. Property (8.78) (which is somehow underlying some of the arguments
in (Luc90)) is explicitly proved in (RoSa06, Sec. 5.2). It is shown in (RoSa06,
Prop. 5.3) that, if O¢gie(u) # 0, then Opge(u) = {A(u — X.)}. It is straight-
forward to prove that there also holds

|0ste| () < [[A(u = Xu) l-1(0)- (8.82)
On the other hand, we fix w € L*(Q2) and notice that

(¢Ste(u) B QbSte(u + hw))+

A(u, w) := limsup

hl0 hllwl g-1(0)
1L _ 1 o A\
slu=Xullzz@) + | IVXu| = Slluthw—Xulzz@ = | VXl
> lim sup & x
hi0 hlwllr-1e)
hro S\ _
(<5l +4 [ w-50) [ ww-w
= lim sup 0 = /8 :
hi0 hl|lw|[-1(0) w10

Being |0ste|(u) > sup,ep2(q) Alu, w), by a density argument we easily con-
clude that [0dgie|(u) > [lu — Xul|z3(o), so that, also in view of (8.82), with a
slight abuse of notation we may write

|0¢stel (1) = [0¢ste(u) |l -1(@) = |l = Xull ny(@) - (8.83)

Using (8.83) and arguing as in (RoSa06, Prop. 5.3) it is not difficult to
check the conditional continuity (CONT), and that (8.79) holds. The latter
yields (8.81) through the general inequality (6.23). Finally, the weak Gibbs-
Thomson law (8.80) has been proved in (RoSa06, Lemma 5.10). O

Corollary 8.3. Under the above assumptions, for every u € GMM(¢dste, to)
(which is in particular a generalized solution of the metric gradient flow of
Gste ), and every Y., € M(u) the pair (¥ = u—Xu, Xu) @S a solution of the weak
formulation (3.33, 3.37) of the Stefan-Gibbs-Thomson Problem, fulfilling the
Lyapunov inequality (3.40).
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Remark 8.4 (Lyapunov inequality). Indeed, through inequality (8.81), the
energy inequality (2.22) for generalized solutions translates into the Lya-
punov inequality (3.40). We may observe that, since in this case |07 ¢ge| is
not an upper gradient (from another viewpoint, the chain rule (6.20) w.r.t.
Oydste does not hold), inequality (3.40) yields the most exhaustive energetic
information on solutions of the Stefan-Gibbs-Thomson problem.

Existence of the global attractor. We deduce from Theorem 4.6 for gen-
eralized solutions the following result, which in particular yields information
on the long-time behavior of the Minimizing Movements solutions of the
Stefan problem with the (weak) Gibbs-Thomson law.

Theorem 8.5. Under the above assumptions, the semiflow of the generalized
solutions of the metric gradient flow driven by the functional ¢sie from (3.38)
admits a global attractor in the phase space D(¢psie) = L*(2), endowed with
the distance dgg,, from (4.2).

Proof. Since ¢st. complies with (A3)—(A4), in order to apply Theorem 4.6
it remains to check that the set of the rest points is bounded in the space
(L*(Q),dys,.). Indeed, it follows from the conditional continuity (CONT)
(cf. with (4.4)) and from inequality (8.81) that for every rest point @ of the
semiflow generated by ¢, there holds

U= Xg € M(u).

Thus, |u| =1 a.e. in €, and

_ 1
sl = [ 195l < 5 [ Ja=1P < 2i9),
Q Q

where the second inequality ensues from choosing X = 1 in the minimization
which defines ¢st.. This concludes the proof. ]

8.2. Some partial results for the Mullins-Sekerka problem
The functional ¢ys : HH(Q) — [0, +00]

/ I y(x)de +/ |Dx| if x € BV(Q;{-1,1}),
Q Q
oo it X € H-1(Q) \ BV(Q: {—1,1})

Pus(X) =
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complies with (A3)—-(A4) (cf. with (LuSt95, Lemma 3.1)). On account of
Theorem 4.6, the next step towards the existence of the global attractor
for the generalized solutions (X, ) driven by ¢ys would be the proof of the
boundedness of the rest points set, in the phase space (4.2). In this direction,
we present the following result on properties of the local and weak relaxed
slopes of ¢yis, which we believe to have an independent interest.

Proposition 8.6. In the present setting, for every
¢ € C*(GRY) with ¢-n=0 on 09 (8.84)

there exists a constant C; > 0, depending on ||C||w1.eo(qray, such that the
following inequalities hold for all X € D(¢ms) and ¢ € R with ¢ > éms(X):

Obnis| () > CC/ (dive — o7 D¢ v)d|Dy (8.85)
Q
|0™ dmis| (X, ) > C’C/Q (div¢ —v" D¢v)d|Dx]|. (8.86)

Proof. We start by proving (8.85) for a fixed field ¢ as in (8.84). Arguing
as in the proof of (RoSa06, Lemma 5.10), for s € R we introduce the flow
X, : Q — Q associated with ¢ via the ODE system

{d%Xs(l“) = ((X(2)),

Xo(z) = 2 for all (s,z) € R x Q. (8.87)

Since € is regular (cf. with (8.76)) and ¢ -n = 0 on 99, X4(Q2) = 2 for
all s € R. Further, the map z € Q — X ,(z) is a C? diffeomorphism, with
inverse X _;: ()2 — (). Setting

Ds(x) := D, X (z), Js(x):=detDg(z) forall z € Q,
it is immediate to check that

{ 4 () = div (¢(X4(2))) Ju(2),

Jo(z) =1 for all (s,z) € R x Q. (8.88)

It follows from (8.87) that (recall that i : R? — R? denotes the identity map)
[ X5 = il oo uray < Is[lIC] oo (oumey - (8.89)
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In the same way, (8.88) and the Gronwall lemma yield for all s € [—1,1]

1 sl oo () < exp(|s][|div(¢) ]| oo (),

. . (8.90)
1 Js = Ul ooy < [[div(Q) ]l oe e exp(s|[|div(C) || o= (o) -

Then, for every fixed X € D(¢ns), we consider its perturbation xs : Q@ —
{—1,1}, for s € R, defined by

Xs(7) == X(X _4(x)) VzeQ.

Now, X, still belongs to BV (€;{—1,1}) and it can be verified that |Dx|
coincides with the (m — 1)-dimensional Hausdorff measure restricted to S5 =
X (S) (S being the essential boundary separating the phases). Therefore,
the first variation formula for the area functional (see, e.g., (AFP00, Thm.
7.31)) yields

d%(/ﬂ\pxsy)szo:/Q(divc—uTDgy)dwxy.

Hence, we have the following chain of inequalities

(Jo IDX| = [ ’DUDJr

|0pms|(X) = limsup
”'U_X”Hfl(g)_)o ||U - XHH*l(Q)
Dx|— [, |Dxs]) "
s=0 s X = Xsll 510

> lim sup i (/ ( —div¢+ T D¢ V)d]DX|) .
s=0 |IX = Xsllm-10) \Ja

To conclude for (8.85), we are going to show that

S

lim sup

>0 8.91
o X = Xsllg1 = ¢ (8.9)

with C¢ > 0 if ¢ is not identically zero, depending on ||C|[y1.00 (o). Indeed,
to evaluate || X — X;||g-1(q) we fix v € H}(R), and for later convenience extend
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it to a function ¥ € H*(R?). There holds

1) (X = Xs; V) ) = /Q (X(z) = X(X —s(x))) v(z) dz
= /QX(l“) (v(z) = v(Xs(2))|Js(2)]) do
A /QX(:U) (0(z) — v(X.(2))) da

T / N(@)o(X () (o(x) — | Ju(z)]) dz
Q

(8.92)

where the second equality follows from the change of variable formula. Then,
supposing |s| < 1 and setting A(¢) = ||¢||z~(), We estimate I; by means
the maximal function M) of v (see Section Appendix C). In view of
Lemma Appendix C.2, there holds

M) (V) |72(0m0) < C(d, 2)/ Vo (z)[? dz = C(d, 2)[| V]| 20
Bryae)(0)
(8.93)

where 7 > 0 is such that 2 C Br(0). Thus, changing variables we have

/Q | M) (Vo(X o(2)))* da = / | My (Vo))|* 17-s(y)| dy
< exp(]s/[|div ()| () C(d, 2) [ V0|32 -

the latter inequality from the first of (8.90) and (8.93). Using (8.89), Lemma Ap-
pendix C.3 and (8.93)-(8.94), we thus have

(8.94)

] £ ) [ 1.0) = o] (Mo (T00)) + My (Vo(X(0))

< CCE 21X, = ol Vol (14 exp(Glslldin( e
1

< Culllley (1 + exp( Il (Oll=) ) ol (5.95)

the constant Cy > 0 only depending on the dimension. As for I we have

o] < [vllz@ [ Js = 2= (@)
< [ div ()] poe ey exp(]s][|div (O] o @) [0 2(e) - (8.96)
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Collecting (8.92) and (8.95)—(8.96), we immediately infer (8.91).

In order to prove (8.86) for all X € D(¢ums) and ¢ > ¢dys(X), we argue in
the following way: according to the definition of |0~ ¢mg| we fix a sequence
{Xx} C D(¢ums) converging to x in H1(Q) and such that

Joousiin) — sl o) < 5| [1D6l-¢ <5 G0

It follows from the latter inequality and (AFP00, Thm. 1.5.9) that {Dxy}
has a weakly* converging subsequence in the sense of measures. Therefore,
Dx; —* Dx and, thanks to Reshetnyak Theorem (AFP00, Thm. 2.38),
there holds

lilgninf </ (div¢ — v DCv) d|DXk|) > / (div¢ —v" D¢v)d|Dx|
Thus, using the first of (8.97) we can pass to the limit in (8.85) as k — +o0
and conclude (8.86). O

Remark 8.7. As a consequence of Proposition 8.6, for every rest point (X, @)
of the semiflow of the generalized solutions driven by the functional ¢yg there
holds

/ (div¢ — 7" D¢p)d|DX| =0
0
for all ¢ € C*(;R?) with ¢ -n =0 on 99 (8.98)

d(DX
(5 = 4DX)

d|DX|
the phase {Xx = 1}). This suggests that, a way to prove that the generalized
semiflow associated with ¢yg complies with condition (A5) could be: to
deduce from condition (8.98) some universal bound for every rest point .
However, this presently remains an open problem.

being the measure-theoretic inner normal to the boundary of

Appendix A. Generalized semiflows

In the following, we shall denote by (X, dy) a (not necessarily complete) met-
ric space. We recall that the Hausdorff semidistance or exzcess ex(A, B) of two
non-empty subsets A, B C X is given by ex(A, B) := sup,¢ 4 infrep dx(a,b).
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For all ¢ > 0, we also denote by B(0,¢) the ball B(0,e) := {z € X
dx(z,0) < e}, and by N.(A) := A+ B(0,¢) the e-neighborhood of a subset
A.

Definition Appendix A.1l (Generalized semiflow). A generalized semiflow
G on X is a family of maps g : [0,+00) — X (referred to as solutions),
satisfying:
(Existence)
For any gy € X there exists at least one g € G with g(0) = go.  (H1)

(Translates of solutions are solutions)
For any g € G and 7 > 0, the map g"(t) :=g(t + 1), t € [0, +00),
belongs to G. (H2)

(Concatenation)
For any g, h € G and t > 0 with h(0) = g(t), then z € G, z being
the map defined by z(7) := g(7) if 0 <7 <t, and h(r —t) ift <.
(H3)

(Upper semicontinuity with respect to initial data)
If {gn} C G and g,(0) — go, then there exist a subsequence {g,,} of

{gn} and g € G such that g(0) = go and g, (t) — g(t) for all t > 0.
(H4)

Furthermore, a generalized semiflow G may fulfill the following measur-
ability and continuity properties:

(C0) Each g € G is strongly measurable on (0,+0c0), i.e. there exists a
sequence { f;} of measurable countably valued maps converging to g a.e.
on (0, +00).

(C1) Each g € G is continuous on (0, +00).

(C2) For any {gn} C G with ¢,(0) — go, there ezist a subsequence {g,,} of
{gn} and g € G such that g(0) = go and g,, — g uniformly in compact
subsets of (0, 400).
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(C3) Each g € G is continuous on [0, +00).

(C4) For any {g,} C G with g,(0) — go, there exists a subsequence {g,,} of
{9.} and g € G such that g(0) = go and g,, — g uniformly in compact
subsets of [0, +00).

w-limits and attractors. Given a generalized semiflow G on &X', we intro-
duce for every t > 0 the operator T'(t) : 2% — 2% defined by

THE :={g(t) : g€ G with ¢(0) € E}, FECAX. (A1)
The family of operators {T'(t)}+>o defines a semigroup on 2%, i.e., it fulfills
the following property

Tt+s)B=Tt)T(s)B Vs,t>0 VBCA&X.
Given a solution g € G, we introduce its w-limit w(g) by
w(g) ={re X : Ht,}, t, = +oo, such that g¢(t,) = z}.

We say that w : R — X is a complete orbit if, for any s € R, the translate
map w® € G (cf. (H2)). Finally, the w-limit of E is defined as

w(E):={zeX : Hg,} C G such that {g,(0)} C E,
{9.(0)} is bounded, and 3¢, — +oco with g,(t,) — z}.
Given subsets F, E C X, we say that F attracts E if
ex(T(t)E,F) - 0 as t — +oo0.

Moreover, we say that F' is positively invariant if T(t)F C F for every t > 0,
that F' is quasi-invariant if for any v € F there exists a complete orbit w
with w(0) = v and w(t) € F for all t € R, and finally that F' is invariant if
T(t)F = F for every t > 0 (equivalently, if it is both positively and quasi-
invariant).

Definition Appendix A.2 (Global Attractor). Let G be a generalized
semiflow. We say that a non-empty set A is a global attractor for G if it is
compact, invariant, and attracts all bounded sets of X .

Definition Appendix A.3 (Point dissipative, asymptotically compact).
Let G be a generalized semiflow. We say that G is point dissipative if there
exists a bounded set By C X such that for any g € G there exists 7 > 0 such
that g(t) € By for allt > 7. Moreover, G is asymptotically compact if for
any sequence {g,} C G such that {g,(0)} is bounded and for any sequence
tn, — +00, the sequence {g,(t,)} admits a convergent subsequence.
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Lyapunov function. We say that a complete orbit g € G is stationary if
there exists x € X such that g(t) = x for all ¢ € R. Such x is then called a
rest point. Note that the set of rest points of G, denoted by Z(G), is closed
in view of (H4).

Definition Appendix A.4 (Lyapunov function). V : X — R is a Lya-
punov function for G if: 'V is continuous, V(g(t)) < V(g(s)) for all g € G
and 0 < s <t (i.e., V decreases along solutions), and, whenever the map
t — V(g(t)) is constant for some complete orbit g, then g is a stationary
orbit.

We say that a global attractor A for G is Lyapunov stable if for any
e > 0 there exists § > 0 such that for any £ C X with ex(F,A) < 4, then
ex(T(t)E,A) <eforallt>0.

Finally, we recall the following two results, providing necessary and suf-
ficient conditions for a semiflow to admit a global attractor, cf. (Bal97,
Thms. 3.3, 5.1, 6.1).

Theorem Appendix A.5. A generalized semiflow G has a global attractor
if and only if it is point dissipative and asymptotically compact. Moreover,
the attractor A is unique, it is the maximal compact invariant subset of X,
and it can be characterized as

A=U{w(B) : BC&X, bounded} = w(X).
Besides, if G complies with (C1) and (C4), then A is Lyapunov stable.

Theorem Appendix A.6. Assume that G is asymptotically compact, ad-
mits a Lyapunov function V, and that the sets of its rest points Z(Q) is
bounded. Then, G is also point dissipative, and thus admits a global attrac-
tor A. Moreover,

w(u) C Z(G)  for all trajectories u € G.

Appendix B. The proof of Proposition 6.1 revisited

Preliminarily, we state and prove the following
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Lemma Appendix B.1. Under the assumptions of Proposition 6.1, let zf
fulfill

2l € Argmin M + ¢o(v) . (B.1)
veB 27"]-
Then,
Z]k — U k
Jo : + 0:0(z) > 0. (B.2)
J
Proof. To check (6.30) we notice that, thanks to (Mor06, Lemma 2.32, p. 214),
2 — 251l + 125 — 2| <,
Vn>0 Elz% € B, zf] € D(¢) : |||z% —w)|? — Hz;“ —w)?| < 2nrk
|6(27) — & (25)] <,

and

Jw, € Jp x| 35n€8¢(zn)7 3G, € B, 1G]« <,
J

such that w, +§,+ ¢, =0.

Choosing n = 1/n, we find sequences {z'}, {22}, {w,}, {&}, and {(.}
fulfilling
(o — 0 in B*,
zh = 2F in B, (B.3)
z2 = 2 in B, with ¢(z3) = ¢(2}).

Furthermore, being wy, € Jo((2) — ug)/r¥), thanks to the second of (B.3), we
have sup,, ||w, ||« < C, for a positive constant C' only depending on ||uy|| and
||z]k]| Thus, there exists w € B* such that, up to a subsequence, w, —* w
in B* as n — oo. By the strong-weak® closedness of Jo, we find that w €
Jo((2) — ug)/r¥). On the other hand, by the definition of J, and again by

the second of (B.3),

2b — by, _
T'j Tj

so that we ultimately deduce that w, — w in B* as n — oo. By the
first of (B.3), we conclude that &, — —w in B*. Combining the latter
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information with the third of (B.3), we find from the definition of strong
limiting subdifferential that —w € d,¢(2F), so that (6.30) ensues. O

Proof of Proposition 6.1. To prove (6.23), like in Section 6 we exhibit a
sequence {ux} C B for which (6.26) holds and, correspondingly, sequences
{r¥}; and z¥ as in (B.1), fulfilling (6.28). The only difference with respect
to the argument developed in Section 6 is that, without (6.25), the Euler
equation corresponding to (B.1) is (B.2), so that

J

Juk € J, (Zf 7;“’“> N (—0.0(2)) (B.4)

which also fulfills [0¢|*(ux) = lim;_o [|w5[|2. Then, again with a diagonal-
ization procedure we find a subsequence wy with w;, —* w in B*. Using (B.4)
and the closure formula (6.21), we again arrive at

—w € 8€¢(u) 9

and conclude the proof of (6.23) along the very same lines as in the proof of
Proposition 6.1. O

Appendix C. Maximal functions

We recall the definition of the local mazximal function of a locally finite
measure and two related results, referring e.g. to (Ste70) for all details.

Definition Appendix C.1. Let p be a (vector-valued) locally finite mea-
sure. For every A > 0 the local maximal function Mu of p is defined by

o |ul(B(z))
Maile) = SUp - Zir5, (@)

In particular, when p = f£ for some f € Li (R%RY), we shall use the
notation M, f.

for all x € R%.

Lemma Appendix C.2. For all 1 < p < oo there exists a constant
C(d,p) > 0 such that for every f € LP(R% RY) there holds

/ My f(z)Pdz < C(d,p)/ |f(2)|%dx  for allr > 0.
B (0)

B'r+>\ (0)
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Lemma Appendix C.3. There exists a constant C(d) > 0 such that for
every A > 0 and v € BV(RY) there holds

[v(z) —o(y)| < Cld)]x —y[ (MaVo(x) + MyVu(y))

for all z,y € RT\ N, (with N, C R? a negligible set) with |z —y| < \.
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