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1. Introduction

We are interested in the modelling of elastic bodies glued together by an adhesive, which can undergo an inelastic process
of the so-called delamination (sometimes also mentioned as debonding). “Microscopically” speaking, some macromolecules
in the adhesive may break upon loading and we assume that they can never be glued back, i.e., no “healing” is possible. This
makes the process unidirectional; sometimes it is also referred to as irreversible, although this adjective has an alternative
thermodynamical meaning as dissipative in general. On the glued surface, we consider the delamination process as rate-
independent and, in the bulk, we also consider rate-dependent inertial, viscous-like, and thermal-expansion effects. Moreover,
we confine ourselves to small strains and, just for the sake of notational simplicity, we restrict the analysis to the case of two
bodies £2. and £2_ glued together along the contact surface I'c. The material in the bulk is considered as heat conductive, and
thus the system is completed by the nonlinear heat equation in a thermodynamically consistent way. The contact surface
is considered infinitesimally thin, so that the thermal capacity of the adhesive is naturally neglected. The coupling of the
mechanical and thermal effects thus results from thermal expansion, dissipative/adiabatic heat production/consumption,
and here also from the possible dependence of the heat transfer through the contact surface I'c on the delamination itself,
and on the possible slot between the bodies if the contact is debonded.

* Corresponding author.
E-mail addresses: riccarda.rossi@ing.unibs.it, riccarda.rossi@unipv.it (R. Rossi), tomas.roubicek@mff.cuni.cz (T. Roubicek).

0362-546X/$ - see front matter © 2011 Elsevier Ltd. All rights reserved.
doi:10.1016/j.na.2011.01.031


http://dx.doi.org/10.1016/j.na.2011.01.031
http://www.elsevier.com/locate/na
http://www.elsevier.com/locate/na
mailto:riccarda.rossi@ing.unibs.it
mailto:riccarda.rossi@unipv.it
mailto:tomas.roubicek@mff.cuni.cz
http://dx.doi.org/10.1016/j.na.2011.01.031

3160 R. Rossi, T. Roubicek / Nonlinear Analysis 74 (2011) 3159-3190

We consider an elastic response of the adhesive, and then one speaks about adhesive contact (in contrast to brittle contact,
see Remark 3.5). Within the realm of the literature on (frictionless adhesive) contact, in the isothermal case we refer e.g. to [1]
in the framework of rate-independent problems. For rate-dependent models, we mention [2-7] (cf. the monograph [8] for
further references). The anisothermal rate-dependent case has been recently addressed in [9,10]. The present paper extends
the analysis in [1] of rate-independent adhesive contact, to encompass inertial, viscous, and thermal effects.

The elastic response in the adhesive will be considered linear, determined by the scalar elastic modulus k > 0;
cf. Remark 3.4 for a generalization. At a current time, the “surface fraction” of active molecular links will be “macroscopically”
described by the scalar delamination parameter z : I — [0, 1]. The state z(x) = 1 means that the adhesive is still
100% undestroyed and thus fully effective, while the intermediate state 0 < z(x) < 1 means that there are some
molecular links which have been broken, but the remaining ones are effective. Eventually, z(xX) = 0 means that the
surface is already completely debonded at x € I¢. As already pointed out in [1], one needs a specific energy to break
the macromolecular structure of the adhesive, independently of the rate of this process. Thus, delamination is a rate-
independent and activated phenomenon, governed by the maximum dissipation principle. Accordingly, we shall consider
arate-independent flow rule for z. Activating the delamination process in the adhesive contact at a given pointx € I'- again
needs the (phenomenologically prescribed) energy a(x).

In the thermodynamical context, the energy a(x) needed for delamination is dissipated by the system in two ways: one
part a; is spent to the chaotic vibration of the atomic lattice of both sides of the delaminating surface I, which leads
“macroscopically” to heat production (cf. also [ 11, Remark 4.2]), while another part ay is spent to create a new delaminated
surface (or, “microscopically” speaking, to break the macromolecules of the adhesive). Thus a(x) = ag(x) + a;(x).

The mathematical difficulties, arising both from the proper thermodynamical coupling and from hosting a rate-
independent process on I¢, have been already revealed for other inelastic processes in the bulk in [12]. The essential
ingredient is the satisfaction of the energy balance and, for this, the mentioned concept of energetic solutions to rate-
independent systems, recently developed in [13-16], and adapted to systems with inertia and viscosity in [17], appears
truly essential.

In Section 2, we set up our model and, in Section 3, discuss its thermodynamics and various modifications. After making
a suitable transformation of the problem using an enthalpy variable instead of the temperature, and introducing a suitable
weak formulation in Section 4, the main existence results are presented in Section 5, and proved throughout Sections 6-9.
For this, in Section 6 we set up procedures of regularization of the Signorini-type unilateral contact. As we shall observe in
Section 6, such aregularized problem has its own interest. We further approximate it by convexifying some nonlinear terms,
and setting up a time-discretization procedure in Section 7. Hence, we prove fine a priori estimates. Ultimately, a careful
passage to the limit is executed in two consecutive steps in Sections 8 and 9.

2. The model

Hereafter, we suppose that the elastic body occupies a reference domain
2 c RY,d = 2 or 3, bounded and with a Lipschitz boundary 92.
We assume that
=02, UlcUL_,

with £2; and §2_ disjoint Lipschitz subdomains and I their common boundary, which represents a prescribed delamination
(d — 1)-dimensional surface. We denote by v the outward unit normal to 8£2, and by v* the unit normal to I, which we
consider oriented from £2, to £2_. Moreover, given v € W"2(£2 \ I;), v* (respectively, v™) shall signify the restriction of
v to 2, (to £2_, resp.). We further suppose that

32 = Ip U Iy,

with I'p and I'y open subsets in the relative topology of 92, disjoint one from each other and each of them with a smooth
boundary.

As state variables, inside £2 we have the displacement u : 2 \ I — R? and the absolute temperature 6 : 2 \ Ix —
(0, 400), while on the contact boundary we consider a delamination variable z : I — [0, 1], having the meaning of the
integrity fraction of the adhesive. Namely, z = 1 (respectively z = 0) means that the adhesive has full (resp. no) integrity.
We denote by

[ull = u+|,—c — U | =the jump of u across I¢.

Furthermore, we shall denote by T = T (u, v, ) the traction stress on some (d — 1)-dimensional surface I" (later, we shall
take either I' = Icor I' = I'y), i.e.

T(u,v,0) :=ol|rv, witho = De(v)+ C(e(u) — ]EQ), (2.1)

where of course we take as v the unit normal v* to I'¢, if I' = I'c.In(2.1), o is the stress (assuming Kelvin-Voigt’s rheology
and thermal expansion, see (3.8) later on).
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To describe various general situations in a unified and simple way, we introduce
a closed, convex cone K (x) C RY, possibly depending onx € I,
and assume the boundary conditions on It in the complementarity form as
[[ull = 0,

T(u, it, ) = 0, on It. (2.2)
T(u,u,0)-[u] =0

In (2.2), > is the ordering induced by the multivalued, cone-valued mapping K : I't = RY in the sense that, for v;,
vy : e — RY,

vy > v, ifand only if vy (x) — v, () € K(x) fora.a.x € I¢. (2.3)
Likewise, 2 is the dual ordering induced by the negative polar cone to K, in the sense that, for ¢y, & : IT'e — RY,

&1 2 ¢ ifand only if ¢1(x) - v > & (x) - v forall v € K(x), fora.a. x € I¢.

Possible choices for the cone-valued mapping K : I't = RY are

Kx) =K =R? foraaxe Iy, or (2.4a)
Kx)={veR% v-vE®x >0} foraaxelr, or (2.4b)
K(x)={veR% v-vEx) =0} foraaxe It. (2.4¢)

In the first case (2.4a), the second of boundary conditions (2.2) translates into T (u, i1, §) = 0 on Iz, while no constraint on
[[u]l is imposed. Thus, (2.4a) allows for no interaction of the bodies £2, and $2_ after a complete delamination. In fact, this
model is very simplified because it does not prevent possible interpenetration and delamination can be thus triggered, rather
unphysically, by mere compression. Nevertheless, a model like this may be feasible in some situations. In this connection,
let us point out that the interpenetration after developed cracks is neglected in several crack models used in mathematical
literature (as e.g. [18-20]), too. The case (2.4b) yields the standard model of unilateral frictionless Signorini contact in the
normal displacement at x € I¢. The last case (2.4c) prescribes the normal jump of the displacement, variable at x € I¢, to
zero. Thus, it only allows for a tangential slip along I'c. This may be a relevant model under high pressure, when no cavity
of I't can be expected anyhow. Such a situation occurs, e.g., on lithospheric faults deep under the earth surface. Note that,
both in (2.4a) and in (2.4c), K(x) is a linear manifold for a.a. x € I'c. As we shall see later, this feature may allow for some
special benefits.

Classical formulation of the adhesive contact problem. Beside the force equilibrium, coupled with the heat equation inside
£2 \ Ic and supplemented with standard boundary conditions, we have two complementarity problems on I, namely

oii — div(De(1) + C(e(u) —E#)) =F inQ \ X, (2.5a)
c(0)0 — div(K(e(u), 0)VO) = De(it) : e(it) — OCE : e(i) + G inQ \ Zc, (2.5b)
u=0 onXp, (2.5¢)
T(u,1,0) =f on Xy, (2.5d)
(K(e(u),0)VO)v =g on X, (2.5e)
[De(it) + Cle(u) —EO) vt =0 on X, (2.5f)
[ul =0 on X, (2.5g)
T(u, i, 0) +kz[u] =0 on ¢, (2.5h)
(T(u,2,0) + kzl[lul) - [ul =0 on X, (2.50)
z<0 onJXg, (2.5j)
d<a;+ay onXc, (2.5k)
z(d—ayg—a;)) =0 on X, (2.51)
d € No1y(2) + %f<|[[u]]|2 on X, (2.5m)
%(]K(e(u), O)VO [ +K(e(w), 0)VO|r.) - v +n([ul. 2)[6] =0 on X, (2.5n)

[K(e(u), 9)VOT - vt = —a;z on Xc, (2.50)
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where we have used the notation
Q:=(0,T) x £2, X :=(0,T) x 982, Yc=(0,T) x I, Xp:=(0,T) x Ip, Xy =(0,T) x Iy,

T > 0 being a fixed time horizon. In (2.5), F : Q — R is the applied bulk force, f : Xy — R the applied traction, while
G:Q — Randg : ¥ — R are some external heat sources. In addition,

C,D: Rg;rg — Rffnf are fourth-order positive definite and symmetric tensors, (2.6)

(i.e. Cjju = Cjiw = Cyyyj, and the same for D), K = K(e, 0) is the positive definite matrix of the heat conduction coefficients,
and E € R% is a matrix of thermal-expansion coefficients. Furthermore, the constant kx > 0 phenomenologically
describes the elastic response of the adhesive. The complementarity problem (2.5g)-(2.5i) describes general, possibly
unilateral (depending on the choice of the mapping K : I'- = R%) contact, whereas the adhesive contact results from the
complementarity conditions (2.5j)-(2.5m). In (2.5k) the coefficient aq (resp. a; ) is the phenomenological specific energy (per
area) which is stored (resp. dissipated) by disintegrating the adhesive. The overall activation energy to trigger the debonding
process in the adhesive is then ap + a;. Note that the term « | [[u]]| in (2.5m) is in fact a penalization of the delamination
condition z[[u]] = O, cf. with the brittle delamination model (3.18). Moreover, Ny 1] denotes the normal cone to the interval
[0, 1], i.e. the subdifferential in the sense of convex analysis of the indicator function Ijg 1; of [0, 1], cf. Notation 2.1. Finally,
n = n(x, [ull,z) > 0is a phenomenological heat-transfer coefficient, determining the linear heat convection through It.
We shall suppose that  depends affinely on the delamination variable z, cf. (5.1e) below.

Notation 2.1. In what follows, given a set M C R¢ d = 1, 2, 3, we shall denote by Iy, the indicator set of M, defined by
Iy(x) = 0ifx € M, and Iy(x) = +oo otherwise. We recall that its subdifferential oI, at x € M is the so-called normal
cone, i.e.

Eecdlyx) < (£,y—x) <0 forally e M.

3. Thermodynamics of the model and various remarks

Let us briefly present the thermodynamics of the boundary value problem (2.5). The underlying overall Helmholtz free
energy ¥ : RY x R x (0, +00) — R has a bulk and a surface part, i.e.

U(u,z,0) = v e), 0)dx + [ v ([u], 2) dS, (3.1a)

2\I'c Ic
with 2"k and 15", respectively being the bulk and the contact surface contributions to the specific Helmholtz energy. One
can identify

bulk _1 _ . _ _ﬁ . _
Y (e.6) = SCle —E) : (e~ EO) — —B:E— yo(0)

1
= E(Ce :e—0B:e—Yo(0) with B:=CE. (3.1b)

Here %Ce : e is the mechanical part of the internal energy in the bulk, while —yry(6) is the thermal part of the free energy.
Hereafter, we shall assume that

Yo : (0, +00) — R a strictly convex function. (3.1¢)

The specific contact surface energy ¥**([u]l, z) is then

<§z|[[u]]|2 — aoz> dS iff[v] > 0and 0 <z <1lae.on /g,

Y ([ull, 2) = /p (3.1d)

+00 otherwise.

The other underlying ingredient of the model is the overall dissipation rate &, which also has bulk and surface contributions
£k and £ namely:

o= [[senlao= [ erewr [ e (32)
2 2\Ic Ic
where the specific dissipation rate £ (e, z) = £PUk(¢)dx + £%f(2)dS is a measure in general, with absolutely continuous
part determined by the (pseudo)potential of viscous-type dissipative forces in the bulk, and a possibly concentrating part,
supported on I, i.e.

adz’! ifZ<0a.e.in I,
+o00  otherwise,

bulk /oy . _1 surf oy N
£ () =250,  LH() = De:e, £ @) =0@) =
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the latter term representing the potential (and also the specific dissipation rate) of the rate-independent delamination
process on the contact boundary It.

Standardly, one then defines the specific entropy s = s(6, e) by the so-called Gibbs’ relation (s, 6) = -, (u,z,6; 6)
where ¥ (u, z, 6; 5) is the directional derivative of ¥ at (u, z, 0) in the direction 6. This yields the entropy in the bulk as

awbulk
a0

Further, we shall use the so-called entropy equation

S =

(e(u), 0) =B : e(u) + ¥ (0). (3.3)

05 = ™% (e(ir)) — div(j) + G. (3.4)
Substituting s = B : e(i1) + 1//(’,/(0)9, cf. (3.3), into the entropy equation (3.4) yields the heat equation

v (0)0 + div(j) = 25 (e(it)) — OB : e(1) + G (3.5)
with the heat capacity

c(0) = 04 (6). (3.6)
Hence, postulating the constitutive relation for the heat flux

j=—K(e(u),0)Vo, (3.7)

i.e. Fourier’s law in an anisotropic medium, one obtains the heat equation in the form (2.5b).
Similar, but simpler thermodynamics can be seen also on the contact boundary by involving YU and £, As (3.1d) is
independent of temperature, the “boundary entropy” = —% ¥ is simply zero, and the corresponding entropy equation

reduces to 0 = £(z) — [[j] - v* (as an analog of (3.4)), which then results in (2.50). Incorporating the analog of the
phenomenological law (3.7), we arrive at (2.5n).

Momentum equation. As in Kelvin-Voigt rheology, the total stress o is postulated as

3 ) D
o= %Q(e(u)) + ﬁx//b *(e(u), 0), (3.8)

which just gives o from (2.1). From Hamilton'’s principle, generalized for dissipative systems as in [21] and with the specific
kinetic energy %,o |i1]?, one then obtains the equilibrium equation (2.5a). For later use, we introduce the indicator functional

I associated with K : I'c = R, defined on L?(I; RY) by
Ik(v) = / Ik (v(x)) dS forallv € [*(Ic; RY). (3.9)
Ic

We point out that the complementarity conditions (2.5g)-(2.5i) may be reformulated as the subdifferential inclusion
alx(Mul) + T(u, @1, 0) + kz[[u] >0 in X¢, (3.10)

featuring the (convex analysis) subdifferential 8l : [*(Jt; RY) = L[*(I'c; RY) of the indicator functional Iy introduced
in (3.9).

Evolution of the delamination parameter (a flow rule). Finally, we consider the following differential inclusion for the inelastic
evolution of the parameter z

361 @) + v ([ull.z) 0 in X,
which in the adhesive case results in
. 1 2 )
31(_00.0](2) + a[[o.]](l) + 5K|[[U]]| —0adp—a; > 0 in ZC. (311)

It is immediate to check that (3.11) is a reformulation of (2.5j)-(2.5m).
The entropy equation (3.4) is designed to balance the total energy, i.e. the sum of the kinetic energy integrated over £2\ I'¢
with the overall dissipated energy (i.e., £ from (3.2) integrated in time), and with the bulk internal energy

e™ (e, 0) := Yy + 05 = %Ce(u) te(u) — Yo(0) — 0B : e(u) + 0(B : e(u) + ¥o(0))

h@©) + %Ce(u) se(u) with h(0) :== 0y(0) — Yo (0); (3.12)
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we convene to refer to h as the enthalpy, see also [12, Section 2]. One can then derive the total energy balance:

d 0., 1 d f K 2
— = —Ce(u) : h@)dx+— | = — apzds
pm mrczlul + 5 Cew) : e + h(0) dx+ A 2ZI[[u]]I aoz

kinetic, elastic, and thermal energies mechanical energy in the adhesive

:/ G—I—F-l'ldX—l—/gdS—l— f-uds. (3.13)
2 r I'n

power of bulk heat power of surface heat
and mechanical load and mechanical load

Assuming 6y > 0,G > Oa.e.in £2,and g > 0 a.e. in 92, we can rely on the fact that & > 0 a.e. in £2 (proved later in
Theorem 5.1) and, using (3.4), we derive the Clausius-Duhem inequality:

7f$dx_/ <d1v(KV9) )d +/ De(i) : e(@)
0 o 0

KV6-VO G g a|z|
= —— 0+ ) dx+ [ ZdS+ ds > 0. (3.14)
o 0 0 a0 0 Ic 6

Remark 3.1 (Partly Linearized Ansatz). An important feature is that, as a consequence of the partly linearized ansatz (3.1b),
the mechanical and thermal variables are additively separated in (3.3), which makes c, in (3.5) independent of u, and thus
makes mathematical analysis much easier.

Remark 3.2 (Non-homogeneous Boundary Conditions). We could supplement (2.5a) with non-homogeneous, Dirichlet
boundary conditions on I'p, i.e. impose

U=wp onp, (3.15)

for some prescribed time-dependent loading wp : [0, T] — H'/?>(Ip). The analysis we are going to perform in the case
of homogeneous Dirichlet conditions can be carried over to the case of (3.15) by arguing as in [11], and thus recurring to
the additive split u(t) = @(t) + up(t) for almost all t € (0, T), with i : [0, T] — Wp(82 \ I'c; RY) = the subspace of
W12(82 \ I'c; RY) of functions with zero trace on I, cf. (4.1), and up : [0, T] — W2(£2 \ I'c; RY) an extension of wp to
£2. It was observed in [11] that, if ¢ N T'p = @, one can assume that [up(t)] = 0, whence [u(t)]] = [u(t)] for almost
all t € (0, T). This allows for a reformulation of the problem in terms of the unknown i, hence reducing the analysis to the
case with homogeneous Dirichlet conditions.

Remark 3.3 (Heat-transfer Contact Conditions). Note that the transient conditions (2.5n)-(2.50) on It for the heat equation
can equivalently be written as two Robin-type conditions

1 .

K(e(u), 0)VO [F. v +n([ul. 2)0 [}, = n([ull, 2)6 |, —Smz on X, (3.16a)
1 .

K(e(u), 0)VO [ -vF +n(lull, 2)6 . = n(lull, 2)0 IFC —5@z on e, (3.16b)

where we have highlighted the unit normals v* from £2_ to £2, and v from £2,, to £2_. This reveals that the heat generated
by delamination is distributed with proportions % and % into the two subdomains adjacent to Ic. In principle, we could also
consider a contribution from the Stefan-Boltzmann radiation, which would then result in the condition

1
5 (K(e(), O)VE [, +K(ew), 6)VOI7) - v* + no(lul. )61 + n: ([ull )[6*] = 0 on X, (3.17)

with no([ull, -), n1([ull, -) > O affine. In fact, this would lead to a modification of the present analysis which is quite
routine. Thus, we shall not scrutinize this generalization here. Let us also remark that, in alternative to the dependence of n
on [[u]], a dependence on the normal stress is sometimes considered, cf. [22]. However, it seems difficult to adapt the present
multidimensional analysis to that case.

Remark 3.4 (Elastic Response in Adhesive). One can easily imagine a positive definite d x d-matrix in place of «, which would
more properly describe the phenomenological elastic response of the adhesive. The related analysis would be just a standard
modification of the presented one.



R. Rossi, T. Roubicek / Nonlinear Analysis 74 (2011) 3159-3190 3165

Remark 3.5 (Griffith Concept). The classical concept of delamination is based on the Griffith criterion [23], phenomenolog-
ically prescribing the amount of energy a (in J/m?, in three-dimensional situations) needed to delaminate the surface, in-
dependently of the rate of the process. The classical Griffith-type approach considers the adhesive inelastic and one speaks
of a brittle delamination. Our adhesive contact problem can be viewed as a regularization of this brittle delamination, and
in fact makes mathematical analysis and numerical implementation easier. It has its own interpretation and many applica-
tions, and it is thus often considered as the original problem, cf. [2,3,9,10,1,7]. In the quasistatic isothermal case, it has been
proved in [11] that the adhesive contact approximates the brittle delamination as the elastic modulus x — oo in the frame-
work of the so-called energetic solution concept. Furthermore, in [24], any energetic solution to the brittle delamination has
been proved to be of “Griffith-type” in the sense that z indeed takes either the value 1 or the value 0.

Remark 3.6 (Engineering Models). In the engineering literature, the Griffith-type delamination on a prescribed so-called
“weak surface” is a quite accepted concept (for example in the framework of the so-called Finite Fracture Mechanics),
although it is often combined with the heuristically devised stress criterion, which in some situations seems to provide a
better understanding of the initiation of the delamination process, cf. e.g. [25,26]. The initiation of the delamination process
can sometimes be triggered by another crack approaching the weak surface, according to the classical so-called Cook-Gordon
mechanism [27], which has been confirmed experimentally. The present form of the activation energy a(x) may typically
correspond to crack growth in a pure fracture mode (e.g. Mode I). Nonetheless, it is believed that the present approach
can be extended to a generalization of this form, in order to cover more complex phenomenological engineering models,
working with the so-called “fracture mode mixity” which reflects the character of the load (the ratio of its shear and normal
components) on the crack tip.

Remark 3.7 (Constant Heat Capacity). The special case ¥¢(0) = ¢ In(8/6y), with ¢y > 0 and 6, > 0 constant, would give
¢y (0) = ¢p in (3.6). However, this case is not within the scope of our analysis, since ¢, (-) does not have a compatible growth,
cf. (5.1b).

Remark 3.8 (Brittle Delamination Model). Let us now briefly comment on the model for brittle delamination with thermal
effects which would result from the above derivation. As in the case of adhesive contact, we focus on its classical formulation,
which couples the momentum equilibrium equation (2.5a), the heat equation (2.5b), the boundary conditions (2.5¢)-(2.5f),
and (2.5n)-(2.50) with the two following complementarity problems on I¢:

[ul =0 on X, (3.18a)
T(u,1,0) 20 whereverz(-) =0 on X¢, (3.18b)
T(u,i,60)-[u] =0 on X, (3.18¢)
z[ul =0 on X, (3.18d)
z<0 on2Xg, (3.18e)
d<a +a onXc, (3.18f)
z(d—ag—a;)) =0 on X, (3.18g)
d € Nyo,1j(2) + 9, ([ull, z) on Xc. (3.18h)

Indeed, (3.18a)-(3.18c) and (3.18d)-(3.18h) respectively correspond to (possibly unilateral) contact and activated
delamination. Note that the penalization terms «[[u]] in (2.5h)-(2.5i) and « /2|[u]]|? in (2.5m) are no longer present, and
the delamination constraint (3.18d) is enforced by the second subdifferential operator in (3.18h), featuring the indicator
function

0 ifvz =0,

+00 otherwise. (3.19)

J(,2) = lpyz=qy, ie.J(,2) = {
In fact, as function of the two variables v and z | is nonconvex, but separately convex. Hence, the subdifferentials of the
convex functions J(-, z) and J (v, -) are well defined, and in particular d,J ([[u]l, z) is given by

@ ifz £ 0and [[u] # 0,
3 ([ul, z) = io ifz=0and [[u]] # 0,
R ifz #0and[u] =0.

As we have already mentioned, existence for the (global) energetic formulation of the brittle delamination problem in the
isothermal quasistatic case has been proved in [11]. In contrast, the analysis of the corresponding thermomechanical model
given by (2.5a)-(2.5f), (2.5n) and (2.50)-(3.18) is for the moment being an open problem. The main difficulties attached to
this problem are related to the presence of two multivalued operators in (3.18h), and in particular to the essentially nonconvex
character of the nonlinearity (3.19).

However, taking into account (3.18h), we clearly identify a drawback of the differential formulation (3.18d)-(3.18h) of
brittle delamination. Indeed, in this framework any driving tendency towards delamination is smeared out if 0 < z < 1,



3166 R. Rossi, T. Roubicek / Nonlinear Analysis 74 (2011) 3159-3190

because then the driving force isd = 0 < ap + a;, and necessarily, by (3.18g), we have Z = 0. The adhesive contact problem
shows a similar behaviour if «k — oo.

4. Enthalpy transformation and energetic solution

Throughout the paper, we shall adopt the notation
W;[-)z(_Q \ Ic; Rd) — {U c Wl,Z(Q \ Itc; Rd) cv=0 on FD},

W}’CZ(Q \IRY ={ve W@\ I:R) :v=0 onl}. (4.1)
Furthermore, in the case K (x) is a linear subspace of R? for almost all x € I, we shall use the notation
W2\ TR = {v e W2\ I RY : [u@] € K(x) foraa.x e It} (4.2)
We shall also extensively exploit that, ford < 3,
W'2(£2) c [P(£2) continuously for 1 < p < 6,
continuously for 1 < m < 4, (4.3)

ueulr W]YZ(Q) - H]/Z(F) c L™ { compactly for 1 <m < 4,
with I' = 382, or I' = I'c,or I' = Iy. The same embeddings hold for the Sobolev space W'2(£2; R?) of vector-valued
functions. Finally, we shall denote by (-, -) the duality pairing between the spaces W}l‘f (£2\ I'c; RYH* and W}l‘f (82\ I'c; RY.

The analysis of the nonlinear heat equation (2.5b), featuring the quadratic coupling terms with the momentum balance
equation (2.5a), calls for rather sophisticated techniques and suitable working assumptions. In particular, one may impose
some conditions either on the growth of K(e, -) (cf,, e.g., [28] for the analysis of a similar nonlinear heat equation in some
phase transition model), or on the growth of ¢, (cf., e.g., [29,12] and, more specifically, [30, Section 5.4.2] (see also [48]) for
contact problems in thermo-viscoelasticity). Under the latter kind of assumptions, the Galerkin approximation method for
proving existence of solutions could serve quite effectively, cf. [29].

On the other hand, system (2.5) hosts the delamination rate-independent process on I'¢. Hence, the Rothe method (i.e. the
implicit discretization in time) seems more natural for the analysis, see e.g.[15,13,31]. In turn, the nonlinearity ¢, (-) makes it
technically difficult to implement such a discretization method. This problem can be circumvented by rewriting the original
PDE system (2.5) in terms of the enthalpy, instead of the temperature, as e.g. in [29].

Namely, we introduce the so-called enthalpy transformation, setting

0
¥ = ho(8) == / cy(r)dr. (4.4)
0
Thus, hg is a primitive function of ¢,, normalized in such a way that hg(0) = 0. In view of (3.6) and (3.12), we have

W () = (0Y(0) — ¥0(0)) = 01 (0) + Y5 () — Y5(0) = 05 (0) = cy(8) = hy(9), (4.5)

hence hy differs from h just by a constant, namely 14 (0). Furthermore, thanks to (3.1c), ¢, is strictly positive and hence hg
is strictly increasing. Thus, we are entitled to define

hy'(®) if9 >0, K(e, © (1))
0

ifd <0, H(e D) = (@) (4.6)

eW) = {
where hy ! here denotes the inverse function to h.
Taking into account (4.6), as well as the subdifferential reformulations (3.10) and (3.11) of the complementarity problems
(2.5g)-(2.5i), and (2.5j)-(2.5m), respectively, the PDE system (2.5) turns into

gu— d(lj\l/\ze(]ﬂg(ee(g)_i_ﬁ%ev(g)) :I%(;((L?))) e(ill): —OW)B:e() + G} inQ \ X, (4.7a)
u=20 on Xp, (4.7b)
(K(e(u),)Vd)r=g onX, (4.7¢)
T, u,v)=f on Xy, (4.7d)
[De(ir) + Ce(u) —BO)vE =0

ol (Mul) + 7 (u, 01, ¥) + «kz[[u] 20

0(—00,01(2) + 3jo,1)(2) + %K][[u]]\z —ag—a;30 on X, (4.7e)

1
E(K(e(u), D)V [ +K (ew), 9)VY |1) - vF + n(ull, 2)[© ()] = 0
[X(e(w), H)VI] - vE = —a;2
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where
T(u,v,9) =T, v, OWF)) = [De(v) + Ce(u) —BOW)]|rv (4.7f)

where again we take as v the unit normal to I'cv*,if I' = I.

Data qualification. Hereafter, the problem data F, G, f, and g shall be qualified by

FeL'(0,T; (82 R)); (482)
WO, T; 13 (hy; R?)  ifd =3,

fe {W“(O, T; L'"(I'v; R?) forsomee > 0,ifd = 2; (4.8b)

Gel'(Q), G=0aeinQ; (4.8¢)

gel(¥), g>0aeinX. (4.8d)

The energetic formulation associated with system (4.7) hinges on the following energy functional @ which is, in fact, the
mechanical part of the internal energy (3.1a), and on the dissipation potential R:

1
®(u,2) :2/ 5 Cew) : e() dx+11<([[u]])+[ (EZII[u]]|2+I[o,u(Z) —aoz) ds, (4.9)
2\Ic

I'c

- 41|12 —z|dS ifz <zae.inIg,
R(Z—2) = /Fc d | = ¢

+00 otherwise.

For notational convenience, for all v € L?(£2), we also set for the kinetic energy:

1
TS (v) = 5/Qg|v|2c1x.

We are now in the position of introducing the notion of weak solution to system (4.7) which shall be analysed throughout
this paper. The reader is referred to [12, Proposition 3.2] for some justification of the energetic solution concept in the
framework of general thermomechanical rate-independent processes, in particular for the proof of the fact that energetic
solutions are also conventional weak solutions whenever Z is absolutely continuous.

Prior to Definition 4.1, we specify some further notation. Let X be a (separable) Banach space: We denote by B, ([0, T]; X)
and BV([0, T]; X), respectively, the Banach spaces of the functions from [0, T] with values in X that are bounded and weakly*
measurable (if X has a predual), and, respectively, that have bounded variation on [0, T]. Notice that all these functions are
defined everywhere on [0, T]. We denote M (£2) = C(£2)* the space of Borel measures on 2.

Definition 4.1 (Energetic Solution of the Adhesive Contact Problem). Given a quadruple of initial data (uy, tg, zg, 6p) satisfying
suitable conditions (cf. (5.4) later on), we call a triple (u, z, %) an energetic solution to the Cauchy problem for (the enthalpy
reformulation of) system (4.7) if

ue W0, T; Wi (2 \ I RY), (4.11a)

uewh®(,T; [2(2;RY) ifo >0, (4.11b)

z € [®(Z¢) NBV([0, T1; L' (IY)), (4.11c)

9 € L'(0,T; W' (2 \ I2)) NL®(0, T; L' (£2)) N By (I; M(2)) NBV([0, TI; W' (2 \ T)*) (4.11d)
forevery1 <r < % with r’ denoting the conjugate exponent ﬁ of r, and the triple (u, z, ©}) complies with:

(i) (weak formulation of the) momentum inclusion, i.e.:
[ul =0 on X, and (4.12)

f ou(T) - (v(T) — u(T)) dx + / (De(it) 4+ Ce(u) —BO(®)) : e(v — u) — it - (v — 1) dxdt
Q Q

+ f wz[[u]l - [v — u]ldsdt > / ot - (v(0) — u(O))dx+/F (w—uydxdt + [ f-(v—u)dsdt
Xc 2 Q

ZN
(4.13)

for all v in L2(0, T; W/* (2 \ I't; RY) with [v] > 0 on X and, if ¢ > 0, also in W'2(0, T; [2(£2; RY)),
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(ii) total energy balance

T ((T)) + @ (u(T), z(T)) +/_ O(T, dx) = T, (tio) +<D(u0,zo)+/ o dx
2 2

+/F-L'ldxdt+ f-izdet-i—/
Q

Gdxdt + / g dsdt (4.14)
Q X

N

(iii) semistability for a.a.t € (0, T)
VZel®(I): @(ut),z(t) < ®(u®),Z) + R(Z — 2(1)) (4.15)

(iv) (weak formulation of the) enthalpy equation:

/_ w(T)v (T, dx) —I—/ K(e(u), H)VY - Vw — dw dxdt + / n([ull, 2)[© @) [w] dSdt
Q Q Zc

+ —
= /(]D)e(ll) te() — OB : e(it))w dxdt + /7 M Sz-surf(det)
Q Xc
+ / Gwdxdt—l—[ gwdet—l—/ Pow(0) dx (4.16)
Q P 2

forallw € C°([0, T]; W' (2 \ I'c)) "W (0, T; L' (£2)), where 9 := hy(6p) and g5 is a measure (= heat produced
by rate-independent dissipation) defined by prescribing its values for every closed set of the type A := [t, t;] X C C

[0,T] x I'cas
gjsurf(A) — /ca] ‘z(tl, X) — z(ta, x)‘ dS ifz(-, x) nonincreasing on [t;, t;] fora.a.x € C, (4.17)
+o00 elsewhere,
(v) and the remaining initial conditions (in addition to i1(0) = ily, already involved in (4.13)), i.e.
u(0) =ug ae.in £2, z(0) =zp ae.in I, 9(0) =¥y ae.in £2. (4.18)

Remark 4.2. Notice that (4.14) is the integrated version of the total energy balance (3.13). It is immediate to check that, for
every closed set of the type A .= [t{, t,] x C C [0, T] x I, é;‘"f(A) coincides with Var (z|c; [t1, t2]), where we set

k
Varg(Z: [t1. f]) = sup D R(Z(s;) — Z(si-1)) ¥Z e L'(Ic). [t to] C [0, T], (4.19)
i=1
the sup taken over all partitionst; = sg < - -+ < s, = t; of the interval [t1, t;]. Note also that, since ¢+ € BV([0, T]; W”/(.Q\
I'c)*), then for all t € [0, T] one has ¥ (t) well defined in the sense of W“/(.Q \ I't)*. Combining this with the fact that
¥ € L%(0, T; L'(£2)) one sees that even © (t) € M(£2) forallt € [0, T], which has been exploited in (4.14) and (4.16) at the
time t = T. It should be emphasized that one cannot expect the map t — ¥ (t) to be continuous in any sense, because the
measure S;”rf in (4.17) may concentrate at particular time instants.
Now, relying, e.g., on [32, Proposition 1.3.10, Theorem 1.5.6], one can verify that formula (4.17) indeed defines a non-
negative Radon measure on X ¢. Subtracting (4.16) tested by 1 from (4.14) reveals the mechanical energy equality:

T (1(T)) + @ (u(T), 2(T)) +/ De(i) : e(tr) dxdt + Varg(z; [0, T])
Q

= Tign (o) + @ (uo, 20) +f F-i+ ©@)B: e()dxdt +/ f - tdSdt. (4.20)
Q b))

N

In particular, z(-, x) must be nonincreasing on [0, T] for a.a. x € I, otherwise Var(z; [0, T]) = oo and (4.20) cannot hold.
5. Main results

Assumptions. Hereafter, we shall denote by the symbols C, C’ most of the (positive) constants occurring in calculations and
estimates. We suppose that

¢ @ [0, +00) — R continuous, (5.1a)

2d
Jw > 0> ixz >0 >0V eRT: (140 <c,8) <ci(1+6)17, (5.1b)
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K : R4 x R — R is bounded, continuous, and (5.1c)
inf Ke, D) & =k >0, (5.1d)

(e,9,5)eRIIXRXRY, |E]=1

and that n(x, v, -) is a non-negative affine function of the delamination parameter z € [0, 1], i.e.
n(x,v,z) = n1(x, v)z 4+ no(x, v) forny, no : I'c X RY — RT Carathéodory s.t.
36, >0 Y(xv) € Te xR o, v)| + [mi(x, v)| < G (j]* 4 1); (5.1e)

in fact, the above growth condition for the functions ng(x, -) and n(x, -) is not optimal and could be slightly improved, as
one can deduce from the proof of Theorem 6.1 in Section 8 later on. It is immediate to deduce from (5.1b) that

3¢, C2>0 YweR™: GV —1) <Ow)<CGw/—1). (5.2)
Moreover, it follows from (5.1c) and (5.2), and the definition (4.6) of X that

3Cx >0 VE CeR!: [K(e, 0§ : ¢| < Cxl€llg). (53)
Finally, we impose the following on the initial data

up € Wi2(2\ I'e; RY),  [uoll = 0 on X, (5.4a)

g € 2(2;RY) ifp >0, (5.4b)

Zo € L®°(I), 0<zy<1 aeonlg, (5.4c)

6o € L”(2), 6, >0 ae.in . (5.4d)

Theorem 5.1 (Existence for the Adhesive Contact Problem). Let us assume (4.8), (5.1)—(5.4) and
(i) if o = 0 (such a case is sometimes referred to as quasistatic), let also

whl, T; I°°(2;R%) ifd=3,
F 1,1 1+e 2 . (5.5a)
W (0, T; L™(£2; R°)) forsomee > 0,if d = 2;
A0, NTp) >0, T OR_NIY) >0, (5.5b)
with 79~ denoting the (d — 1)-dimensional Hausdorff measure, or
(ii) if o > 0 (such a case is referred to as dynamic), suppose also that
K (x) is a linear subspace of RY for a.a.x € I'c. (5.6)
Then, there exists an energetic solution (u, z, 1) to the adhesive contact problem with the additional regularity
ue W20, T; W (2 \ Te; RY*) ifo>0 (5.7)

cf. notation (4.2) for the space W,}’z(.Q \ I'c; RY). Furthermore, in both cases ¢ > 0 and ¢ = 0 the positivity of the initial
temperature

infOy = 0" >0 (5.8)
XeR

implies inf(; yyeq @ = infi¢ yeq @ (D (t, X)) > 0; in particular, 6 is a.e. positive on Q.
Theorem 5.1 shall be proved in Section 9 by passing to the limit in some regularized problem (where the contact
conditions on It are penalized), which we shall present in Section 6. In turn, existence for the latter problem shall be

proved in Section 8 by passing to the limit in a further approximation scheme, constructed in Section 7 by a regularized
semi-implicit time discretization.

Remark 5.2 (Energetics in the Dynamical Case). When K (x) is a linear subspace of R? for almost all x € I, (which, in
particular, we have to assume in the dynamical case), replacing v — u with v, one can see that (4.13) is equivalent to

/Qil(T)~U(T) dx—i—/(De(it)—f—(Ce(u) —BO()) : e(v) —Qu-i)dxdt—l—/ wczl[u] - [v]dSdt
Q Q Zc

= f ot - v(0)dx + / F - vdxdt + f-vdSde (5.9)
2 Q N

for all v in I2(0, T; W}l’f(Q \ I'c; RY) with v € W2(0, T; [2(£2; RY)) with [v] > 0 on X¢. It is further important that,

in this case, pii is in duality with i1, which allows to make a by-part-integration in (5.9) with v := . This shall eventually

reveal the mechanical energy balance (4.20).
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Remark 5.3 (Energetics in General). In Theorem 5.1 we have distinguished the cases o > 0 and o = 0 because in the latter
case we are able to prove existence for a far larger class of cones yielding the unilateral constraint on the displacement, in
particular the Signorini conditions. This stems from the fact that the analysis of the momentum equilibrium equation in
which inertia interacts with Signorini boundary conditions is remarkably complex. In particular, in such a framework the
existence of solutions complying with the energy balance (which will play a crucial role in the analysis of own adhesive
contact system) is, to our knowledge, an open problem in the case of bounded domains. Indeed, only very recently, in
[33,34], existence results have emerged for the dynamical viscoelastic equation with Signorini contact conditions, in the
one- and three-dimensional case, on unbounded domains. In fact, such results have been proved with very sophisticated
Fourier analysis techniques. In the one-dimensional framework of [34], it has also been obtained that the solutions satisfy
the energy balance.

Remark 5.4. Under (5.6), the qualification v € W'2(0, T; [?(£2; R%)) for the test functions in (4.13) might be relaxed to

ve W0, T; WP (2 \ Ie; RY™). (5.10)

Indeed, thanks to (4.12) and to the linearity of K(x) for almost all x € It, the function u fulfilling (4.13) is such that
i € [2(0, T; Wg (2 \ I'c; RY)). Now, the spaces L2(0, T; W > (2 \ I'c; RY)*) and L2(0, T; W, 2(£2 \ Ic; RY)) are in duality.
Hence, (5.10) is sufficient to give meaning to the term fg i - v dx. A similar extension will also apply for the test functions
of (6.7) below.

Remark 5.5. In fact, within the proof of Theorem 5.1 we shall also obtain that the mechanical energy equality (4.20) holds
on any time interval [0, t] C [0, T]. To wit, a variant of (4.14) on a generic interval [0, t] in place of [0, T], i.e.

Tﬁn(u(r))+¢(u(t),z(t))+f_ 9 (t, dx) :T,ﬁn(ao)+q>(uo,zo)+/ o dx
2

2

t
+/ (/F~it+de+ f-uds+/gds>dt; (5.11)
0 2 I r

deserves some discussion. It does not seem to be fulfilled along arbitrary energetic solutions. However, some energetic
solutions may satisfy it, and we may refer to them as “special energetic solutions’. For this, a careful selection of ¢ in the
limit procedure based on Helly’s principle is needed. Actually, assuming t = 27T, N € N, and arguing as in the same way
as one derives (4.14) (cf. Section 9), one can verify (5.11) at any mesh point of the form t = k27NT, k = 1, ..., 2N. The set
of such t’s is dense in [0, T]. One also uses that the map t — (9 (t,-), 1) = jé ¥ (t, dx) is in BV([0, T]) (although ¥ (t, -)
hardly can be expected in BV([0, T]; M (£2))). Finally, one exploits the heat energy balance

/_ ?(t, dx) — / Do dx — / (/ (ID)e(il) ce(l) — OB :e(lt) + G) dx) dt
2 2 0 2
+ / gds — / g8UT(dsdr) =: r(t) = 0. (5.12)
r [0,t]xT¢

i.e. (4.16), considered on the time interval [0, t], with test function w = 1. Asr € BV([0, T]), we have r(t) = 0 not only
at the t’s in the aforementioned dense subset, but also at each continuity point of r. There are, however, at most countable
points of discontinuity of r, at which one can define the limit ¢ suitably in such a way that, eventually, r = 0 everywhere.
Adding (5.12) and the mechanical energy balance (4.20) on the generic interval [0, t] then yields (5.11). We thus conclude
the existence of special energetic solutions.

6. Regularization

We shall approximate (the enthalpy reformulation) of the adhesive contact system (4.7) by penalizing the contact
condition [[u]] > 0. This is a well-established routine in the analysis of contact problems, see e.g. [30]. We should emphasize
that the penalized problems themselves have their own practical usage because they allow, first, for combination of inertia
and the unilateral-type elastic contact condition and, second, for a more physical interpretation of the coupling through the
heat-transfer coefficient, cf. Remark 6.2 below.

Thus, we shall replace the subdifferential operator dlx in the differential inclusion (3.10) (equivalent to the
complementarity problem (2.5g)-(2.5i) on X¢), with its Yosida regularization (see, e.g., [35-37]). We recall that, for a fixed
& > 0, the Yosida approximation of the indicator functional Iy with respect to L2-norm is the lower semicontinuous, convex,
and Fr'echet differentiable functional given by

. 1
£ : *(It; RY) — [0, +00) given by If (v) = 5, min lv— w“fzwc;n@)? (6.1)
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cf. definition (2.3) for the ordering >. We point out that I; Mosco-converges to Ix in [*(I'c; RY); see, e.g., [35, Section 3.3]
for the definition of Mosco-convergence and [35, Theorem 3.66] for the link with Yosida regularizations. In particular, this
entails that

v, = v inl*(Ie; RY = limiglflf%(vg) > Ix(v). (6.2)
£—

The Yosida regularization of dlx is the Fréchet derivative (I7)’ : [*(I'c; RY — [2(I'¢; RY) of the functional I It is well
known that

1
() = - (d =P, (6.3)

where Id : [>(I'c; RY) — [2(I'c; RY) is the identity operator and Py : [>(I'c; RY) — L(I'c; RY) is the projection associated

with the multivalued mapping K : I'c = RY. For later use, we recall that, being Py a contraction on L?(I'c; RY), there holds
2

IR W)l 2 (re.pey < g||v||,_z(1~C;Ra) forall v € [*(I'c; RY). (6.4)

Hence, we shall consider the following regularized conditions on ¢, where (3.10) is approximated by Yosida regularization:

[De(ir) + Ce(u) —BO)vE =0
rzl[ull + () ([ul) + 7 (u, i1, 9) =0

. 1
0 (—00,01(2) + 3. 11(2) + 2K

[ul]* — a0 —a130 on . (65)
1

5 (K (e, )V 7+ @), MHVIr) - v+ n(lul, IO )] = 0

[X(ew), HVIT - vE = —asz

The resulting regularized stored energy is then

1
®, (1, 2) ;:/ 5Cew : e(w dx i ([ul) + [, (g,z|[[u]]|2 + o (@) — aoz) ds. (6.62)
2\Ic

The main result of this section ensures the existence of energetic solutions to the initial boundary value problem for the
adhesive contact model supplemented with the regularized contact conditions (6.5).

Theorem 6.1 (Existence of Energetic Solutions to the Regularized Problem). Under assumptions (4.8) and (5.1)-(5.5), for every
& > 0 there exists a triple (u,, z., ¥,) as in (4.11), and such that, in addition,
U € W20, T; Wik (2 \ Te; RY)) if 0 > 0,
which solves the energetic formulation of the Cauchy problem for system (4.7a)-(4.7d) and (6.5), namely the initial
conditions (4.18) hold, as well as
(i) the (weak formulation of the) momentum equation:

/(De(ﬂe) + Ce(u,) —BO(9,)) : e(v) — oil, - 0 dxdt + / (reze [ue T + (IR)'([ue D)) - [vll dSde
Q

Zc

+ / ot (T) - v(T) dx:/ Qilo-v(O)dX-f-f F - vdxdt + f-vdsde (6.7)
Q Q Q N
forall vin[*(0, T; W}l‘f(() \ I'c; RY) and, in the case o > 0, in W2(0, T; L?(£2; RY)),
(ii) the total energy identity (4.14), with @, and (u,, z., 9¥.) in place of @ and (u, z, ),
(iii) z, complies with the semistability condition (4.15) for a.a. t € (0, T), again with ®, and (u,, z.), in place of ® and (u, z)
(iv) the weak formulation (4.16) of the enthalpy equation.
Furthermore, if (5.8) holds, then

inf  0.(t,x) > 0. (6.8)
e>0,(t,x)eQ

Remark 6.2 (Signorini contact Case). Let us point out that, if K : I'- = R is of the type (2.4b), i.e. corresponding to unilateral
frictionless Signorini contact on Ic, the Yosida regularization of dly is given by (Ig)' (u,) = —g[ug]; with [u.], = [u.] - vE
and with ()~ = —min{0, -}, and the second of (6.5) reduces to

1 .
ezlluel = ~lue 1 vE 4+ T(ue, e, 6:) =0 on X,
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viz., a normal compliance type condition. It follows from the above relation that, for fixed ¢ > 0, in the case z(t,x) > 0
one can express [[u] as a function of the traction stress T (u, i, 0). This also holds for [u], in the case for z(t,x) = 0 and
T,(u, i, 6) > 0, while the tangential stress T;(u, i1, §) = 0 because there is no friction. Let us suppose that the heat-transfer
coefficient (-, z) vanishes if there is no contact, i.e. on the set {[[u]l; [u], < 0}: then, by continuity, n(-, z) vanishes also on
{[ull; [u], < 0}, and hence by substitution one can express the heat-transfer coefficient as a function of the normal stress
and of z. We point out that the mentioned condition on 7(-, z) is, to some extent, a natural assumption, also advocated in
the engineering literature, cf. e.g. [38]. Such an approach does not seem mathematically amenable for the multidimensional
non-penalized Signorini problem; for d = 1 we refer to [22].

Scheme of the proof. The proof of Theorem 6.1 shall be developed in the next sections by pursuing the following scenario. First,
in Section 7 we shall devise a semi-implicit time discretization (with a further regularization in the momentum equation),
and prove existence of solutions to the time-discrete problem. Next, we shall derive refined a priori estimates, enabling us
to perform the limit passage as the discretization time-step t goes to 0 in Section 8. In this way, we shall conclude the proof
of Theorem 6.1.

7. Semi-implicit time discretization

We perform a semi-implicit time discretization using an equidistant partition of [0, T], with time-step T > 0 and nodes
tF=ktr,k=0,...,K.

Hereafter, given any sequence {¢’ }j=1, we shall use the following notation for the backward difference operator and its
iteration by, respectively,

kK pk—1
D= 0 f . Di¢"=Di(Dig") =

k k—1 k=2
-2 +
¢ ¢ > ¢ . (7.1)
T
. . . . . . . . K¢
Secondly, we recall the notion of piecewise constant and piecewise linear interpolants: for a given K, -tuple {b’;}k:l C B,

(8, || - |l g) being some Banach space, the left-continuous piecewise constant interpolant b, : (0,T) — B, the right-
continuous piecewise constant interpolant b, : (0,T) — &, and the piecewise linear interpolant b, : (0,T) — B of

the elements {b’;}f;] are the functions respectively defined by

B _ sk—1 th_¢t
b.(t) =b%, b (t)=b"",  b.(t)= rf bk + ’t b1 fort e (£577, tK). (7.2)

Thirdly, we shall denote by t, and by t, the left-continuous and right-continuous piecewise constant interpolants associated
with the partition, i.e. t, (t) = tXif t*"1 < ¢ < tFandt, (t) = t*"1if t*"1 < ¢ < ¢k For later use, we recall the following
elementary inequalities for all t € [0, T]

b (Ol g < b (Dl 5 + 1B, ()]s = Ib: ()]l + bz (t,(0)) | 5 (7.3)
B [H0)
[B.(t) — b, 0], < f 15,51l ds. (7.4)
tr (
Time-discrete problem. We approximate the data F, f by local means, i.e. setting forallk =1, ..., K;

1 (% 1[4
Ffi= — / F(s)ds, fki=— / f(s)ds,
T Jik T Jik-t

and consider the interpolants F,, f,, and f, of the K, -tuples {F*}\" , {f¥};Z,. In view of (4.8a)-(4.8b), the following estimates

and strong convergences holdas 7 — 0

B 10 T I2(0- RY '
{mL 0, T; L2(£2; RY)) ifo >0, (7.5a)

F FJ. .

"7 T VinIP(0, T; 18/5(2: RY)) forall 1 < p < oo ifo =0;
§C >0 Vr>0: ”fr||L°°(0,T;L4/3(1"N;Rd)) = C||f||L°°(o,r;L4/3(rN;Rd))s
f.—f inlPO,T;L*?(Iy; RY) forall1 <p <ooast — 0, (7.5b)
iC>0 Vr>0: |f; ||L1(0,T;L4/3(FN;Rd)) < 2||f||L1(0,T;L4/3(FN;Rd))'

Notice that the exponents of the Lebesgue spaces in the second of (7.5a) and in (7.5b) are suited both to the case d = 2 and

to the three-dimensional case d = 3. Furthermore, we shall approximate G and g with suitably constructed discrete data
{Gk Ky { k}Kr with
tIk=1" 81 Jk=1

G ew2(2)*, geH?@9)" forallk=1,...,K,, (7.6a)



R. Rossi, T. Roubicek / Nonlinear Analysis 74 (2011) 3159-3190 3173
and such that
G, — G inl'@Q, g, —g inl(X)ast—0, (7.6b)

and approximate the initial datum uo with a sequence {ug .} C WF Y(2\ I'e; RY (with y > max{4, -2 =2} as assumed in
Problem 7.1) such that

li?g {’/?||e(u0,,)||Ly(9;Ru) =0, Up; — Up in w2(82; Rd) as 7 — 0. (7.7)
T

We are now in the position of formulating the time-discrete problem, which we again write in the classical formulation for
notational simplicity.

Problem 7.1. Let y > max{4, %}. Given u € (4,5),«, B € (0, 1), and

u =ug,, u; ' =ug, — T, 20 =z, B0 = B, (7.8)
find {(u¥,, 0¥, ”)} , fulfilling for k = 1, ..., K; the equations in £2 \ I'¢

oD, div(]D)e(Dtu’gr) +Ce(t,) —BO®E) + tlet)|” et )) =k, (7.92)

Dok, — div(X (et,), 0¥ )vok) = _ZﬁDe(D[u’s‘T) ce(Dk,) — @@ B : e(Dul,) + G, (7.9b)
with the boundary conditions

u¥. =0 onrp, (7.10a)

(De(Det,) + Cet,) — OWENB + et ) Ze@t) )y =£F on I, (7.10b)

(K(e@!), 95 H)Volt) v=g onds, (7.10c)

and the conditions on the contact boundary

I Kir ko512 k I

31(;00,0] (Diz;,) . do — a1+ §|[[”er]]| + 12 +1(z5) 3 0} on It, (7.11a)

r(z.,) € 0l 11(z;,)
[De(D.u¥,) + Ce(u,) — ©@* B + T|e(ui§r)}y_ze(u§r)]]vi =0 onlg, (7.11b)
czk Tuf T+ (19 (Muk 1) + (De(D[u’gr) + Ce(uf ) — @(195,)13;

+rle@t )| e(u’;r))lzi + 7P (1+ |k, | ) k1=0 onrg, (7.11¢)

1 , _
E(K(e(u’;r), DEIVOL If + K (el,), 95 VO I5) - vE +nlu 1. z)[eWE)T =0 on I, (7.11d)
[Xe@r,), 0¥ )Vok JvE = —a;D,z¥, onIt. (7.11e)

For later use, we recall the variational formulation of (7.9a), supplemented with conditions (7.10b), (7.10c), (7.11b) and
(7.11c), viz.

/QDf uk - vdx—i—/ (De(Dtu’g‘r)—f—Ce(ui‘) BO®Y,) + le! )|yfze(u’;r)):e(v) dx
2

+ / (Kzfr[[u I+ g (ul, 1)+ ° (14 |Tuf, | [[u’;,]]) -vlds = / Fovdx+ [ ffovds (7.12)
Ic 2 IN
forallv € Wh2(§2 \ I'c; RY). Furthermore, the variational formulation of (7.11a) reads, for all Z € L (1),
~ 5 Zk —_ Zk_1 Zk _ Zk—l
61@) +( oz +rEk) + £ |[[u’;r]]|2 —ao) ( - u) ds zf & (u> ds. (7.13)
Ic 2 i T Ic T

Remark 7.2 (Semi- lmpllatDlscretlzatlon) The value u Tatthe level k—1in (7.11d) makes the above scheme semi-implicit,
not just fully implicit as it would be if u . were in place of u" in (7.11d). This makes the proof of Lemma 7.4 easier.
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Remark 7.3 (Regularization). Like in [12], a regularizing term |e(u)|” ~2e(u) was added to the momentum equation in the
bulk and to the corresponding boundary/contact conditions, too. Its role is to compensate the growth of the right-hand
side terms in the momentum equation, cf. the proof of Lemma 7.4. Moreover, with the aim of obtaining some suitable
semiconvexity property of the approximate stored energy (cf. Lemma 7.5 below), we have also introduced the monotone
terms

H_
w°z and (14 [[u]]’)? '[ull, with4<p <5 and a,B € (0,1) (7.14)

in the differential inclusion for the delamination parameter and in the boundary conditions for u on I'c, respectively; see
Lemma 7.5 for some further specification of the exponents « and S.

Lemma 7.4 (Existence of Weak Solutions to Problem 7.1). Under the assumptions of Theorem 6.1, foreveryk = 1, ..., K, there
exists a triple (u*_, z* , 9¥) € WF V(2 \ T'e; RY x L®(Te) x WW2(82 \ IY), fulfilling the weak formulation ofthe boundary

value problem (7.9)-(7.11). Moreover, 1951 > 0 a.e. in £2. If, in addition, (5.8) holds, then there exists some constant x* > 0
(cf. (7.26) below) such that, for sufficiently small t,

Ok > x*>0 aein@ foreveryk=1,...,K,. (7.15)

Proof. The existence of a weak solution to the boundary value problem (7.9)-(7.11) can be proved relying on the standard
theory of pseudomonotone set-valued operators (see e.g. [39, Chap. 2]). In particular, we may apply Leray-Lions-type
theorems. Indeed, the strict monotonicity of the main part of the operator which comes into play in the weak formulation of
problem (7.9)-(7.11) derives from the presence of the term 7 |e(u)|” ~2e(u). The latter counteracts the quadratic nonlinearity
in e(u) of the dissipative heat source in (7.9b).

We now show that this operator is coercive w.r.t. the norm of W}l’)"(Q \ I'c; RY) x L®(I) x WH2(2 \ It). To this
aim, first of all we test equation (7.9a), with the boundary conditions (7.10b)—(7.10c), and the contact conditions (7.11a)
and (7.11c), by u’s‘r. Thus, estimating the term

/ D(Deut, ) e(t,) dx > —/ Dle(uX,)|? dx — —/ Dle(u* "% dx, (7.16)
2
we find

—||u ——uf + = IIU

”LZ(.Q IRL‘I) 2TCK ”Wl 2(2; ]Rd) C ”Wl V(R; ]Rd)

n/2—1

v [ 2t afes s [ 6 ’<ﬂu§rn>-uu§,ﬂd5+f‘* [ It APy ik af as
Ic I'c

< C<||u 1”Wl Z(Q Rd) + Q”u ”I.Z(Q ]Rd) + ”Fkllwl Z(Q ]Rd)* + ”frk”Iz.Il/Z(pN:Rd)*) + 4‘L.|IE|2||@)(19 )”LZ(SZ)’ (717)

where d := inf; cgaxd g—; D& : § > 0, cf. (2.6), and where we have also used Korn'’s inequality in the form

ACk,y = Cky(82,1p) Vv e Wry(-Q Rd) : vl 2t = C, y”e(v)”LV(Q Rdxd). (7.18)

Also taking into account the monotonicity of the operator (I¢)’, we have that the fourth, the fifth and the sixth term on the
left-hand side of (7.17) are non-negative. Secondly, we test (7.11a) by ZH. Noting that fl"c 0l(—x,0] (D[z”) +; dS > 0 (where,

to avoid too heavy notation, we have formally dealt with 9I(_ o) (thgf) as if it were a singleton), we obtain with trivial
calculations

K

3 / 2 0 1) S + 22 R, + / r(z8)zt, dS < (a1 + ao) 128 11 )- (7.19)
Ic I'c

Note that the thll‘d term on the left-hand side of (7.19) is non-negative by monotonicity of the operator dljg 1;. Finally, we

test (7.9b) by ¥, thus obtaining

ST’

1
oyl LA PSR /9 VoL | dx + / (s D, 22 IO @)Y 1 dS

2—||z9" oo +h+b+h+1 (7.20)

12(2)
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where we have used that X is positive definite (cf. with (5.1d)). As for the remaining terms I;, j = 1, ..., 4, we have
2 —
I = VT ID)(e(u" ) — e(u )) (e(u”) —e(u ))15"‘ dx
212 \I'c

1 k 12
< Enﬁ“nmgﬁc(ne(u Misigzaay + 16D g pacs))

T ,
E E”‘I?F'T”LZ(Q) + 4 ”ugr ”Wl Y (82; Rd) + C”u ”Wl Y (82; Rd) + C ) (721)

where we have used Holder’s mequallty, the fact that y > 4, and Young's inequality. Furthermore, relying on (5.2), and
setting p, = 2w/(w — 1), we find

1
L =|- / OB (e(ul,) — e M)k, dx
T Jo\re
< ||z? 120, +c[ le@,) — e H|” |(9¥)¥ + 1] dx
< Enﬂf,nfz(m +C (||e(u OIS gy + 1€ DI, ey +1)
< 0K g+ g I c (I, +1) (7.22)
= 8r TI@ T ogg, eTIwhr(@s w) WLy (2;rY) ’ ‘
where we have successively used Holders and Young inequalities, and that y > p, due to our assumption that y >
max{4, ~ =2}, Besides, using that 0 < z . <1land0 < zé‘;l < la.e.in It, and the continuous embedding (4.3), we find

ﬁk | |
k et Iy I
I = —‘11/ thm# ds < C”th ||L2(rc)||19”||1_2(rc) <P ”ﬁer”Wl 2(2) + Cm
Ic

where we choose p; > 0 (C,, being some constant depending on p; > 0) in such a way as to absorb || ”wl 20 into the
left-hand side of (7.20). Finally, we have
o= [ Gtk axt [ gtk dS <m0k ynaa, + G (16} nscay + 185 ) (7.23)

in which we again choose a suitably small p,. Collecting (7.17)-(7.23), we readily conclude an estimate for ||u’£‘T lwy 2:ra),
||Z§f [l oo () and ||l9(ff||w112(.o>'

Since 9¥ € W'2(2 \ It), we have that —[9 |- € W12(2 \ I%) is a legal test function for (7.9b). Hence, we use
recursively that 195"; 1 > 0 a.e. in £2 (starting from the initial condition 19 = g > O a.e.in £, cf. (5.4d)), the fact that
G’T‘ > 0 a.e.in £2 and gf > 0 a.e.in 082 (cf. with (4.8¢)-(4.8d)), and that a1D[zH > 0 a.e.in It, and finally the property
[ﬁé‘zl_@(ﬂfr) = 0O a.e. in £2, due to the fact that ® is non-decreasing (cf. (4.6)). Thus, we conclude that [ﬁfr]‘ = 0a.e.in
2, whence 9¥ > 0ae.in 2.

Finally, we prove (7.15) by adapting to the time-discrete setting a comparison argument from [28, Section 4.2.1].
Exploiting the fact that Gifr > Qa.e.in £2, we deduce from (7.9b) that

D ¥, — div(K (eut,), 0¥ ) VoL )>f|e(Dtu )] —ClOW* )P = —C'|9* | in@\ It (7.24)

forany k = 1,..., K, and some C’ > 0 independent of t and &, where d > 0 is the positive-definiteness constant of D,
cf. (2.6), and where the last inequality ensues from (4.6) and (5.1b). We compare (7.24) with the finite difference equation

Dixk = —C'lxel> Yk=1,... K, (7.25)

with C’ being the same constant as in (7.24). In fact, this is an implicit discretization of the ordinary differential equation
% + C’'|x|*> = 0 which, for x (0) = ho(6*) > 0 with 6* from (5.8), gives a sub-solution of the (continuous) heat equation.
This initial-value problem has the solution x (t) = 1/(C’t + 1/hg(6*)) so that, in particular, x (-) > 1/(C'T + 1/ho(6*)) > 0
on [0, T]. Now we solve (7.25) recursively starting from the initial datum 9 = hg(6*) > 0. In this way we obtain an
approximate solution to the mentioned initial-value problem which, for t — 0, converges uniformly on the considered
finite interval [0, T]. In particular, for T > 0 sufficiently small, we may take for granted that, say,

1

0 Vk=1,...,K,. 7.26
Xe= x* C’T+l/h0(9*)+l > T ( )
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For every k = 1, ..., K, we subtract (7.25) from (7.24) (the latter supplemented with the boundary conditions (7.10c),
(7.11d) and (7.11e)), and we test the resulting inequality by —(z9§r — xx)~.Thus, forallk =1, ...,K;,

1 2 _ _
ED[(w —x07) = =@ — x0 D@L, — x0) <UL — @K, — x0)” <0 (7.27)

in £2 \ I¢; the last inequality is also due to the previously proved positivity 19.51 > 0 a.e. in £2. Summing (7.27) over
k =1,...,K,, we easily conclude that (z?ft (X) — xx)~ = 0 for almost all x € £2 and for every k = O, ..., K;, whence
ﬁfr > xx > x* > 0ae.in £2. This concludes the proof of (7.15). O

Approximate solutions. In accordance with notation (7.2), for all T > 0 we shall denote by

— - — . . . k 1K k 1Kz k Kz .
® U, U,,, Ve, U,,,andZ,,, the piecewise constant interpolants of the elements {u;. },~;, {95 },21 and {z, },2,;

e by u.,, ¥, and z,, the related piecewise linear interpolants.

We shall now state the weak formulations of (the boundary value problems for) equations (7.9a) and (7.9b), in terms of
the interpolants so far introduced by using “discrete test functions”. Indeed, one verifies that for every K, -tuples { v"}k 1 C
Wpr2(2\ I'c; RY) and {w*}, € W2(2\ It), the approximate solutions (U, U er, Zer, Ugr, Uer, Ze7) fulfil the following:
the discrete (weak) momentum balance equation

/ (De(iler) + Ce(Usr) — BO (D) + Tle(ler)|” 2e(lr)) : e(vr) dxde
Q
+ / (Zee [T+ 0 WD + 7 (14 08 D)) D) - [ ] dcle
Zc
T
- / f QuFT( - T) : i)r dth + Qf uar(T) : UI(T) ClX
T 2 (%)
= p/ Ug.; - v (7) dx +/ -V, dxdt + ft - v, dSdt (7.28)
2

N

—1
(where we have used the notation ilp , = vl _ = 1), which can be obtained from (7.9a), (7.10a), (7.10b), (7.11b) and
(7.11¢) by using a suitable discrete “by -part” summation formula (cf. [12, Formula (4.49)]);

the discrete (weak) enthalpy equation

/ ﬁsr (T)wr (T) dx + / K(e(ﬁsr)a 5m:)Vﬁm : vwr dxdt
2 Q

T
+ / 77([[2”]]7 2‘&"r)[[@(ger)]][[wr]] det _/ stwr dth
Xc T

2—JTt . . — . _ - _
= 5 De(lly;) : e(lgr) — O(Uer)B @ e(llg;) | we dxdt + [ G w, dxdt
Q Q

wy | 4w
- / a@% dsde + / Dow, (7) dx + / g, w, dsdt, (7.29)
Xc 2 X

again obtained from (7.9b), (7.10c) and (7.11c)—(7.11e) by the use of the summation (cf. [12, Formula (4.51)]);
the discrete flow rule of the delamination parameter (cf. (7.11a))

oo (2ex (0)) + 5 [[Wer (O + 720 (O + 1 Zer (1) — @0 — a1 3 o} on 5. 730)

T(E”(l’)) € aI[O,l](ZEr (t))

A priori estimates. Like in [12, Lemma 4.1], we derive some further energetic information on the approximate solutions (see
Lemma 7.6 later on) by recurring to an auxiliary minimization problem. With this aim, we first proceed to the validation of
a suitable (strict) semiconvexity property of the stored energy.

We further introduce the short-hand notation for the regularized stored energy

1 T .
Do (U, 2) = /;Z\FC (E(Ce(u) re(u) + ;|e(u)|y) dx + I ([ul)

+/( 2l + = |z| + = (1+||1u]]| ) +1[0,1](z)—a0z)ds. (7.31a)
I'c
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Lemma 7.5. Under the assumptions of Theorem 6.1, suppose further that the exponents u € (4,5), o, B € (0, 1) in (7.14)
comply with

w—

2

Then, for every k > O there exists T, > 0 such that for all0 < t < t, the function on W}Lf(.Q \ I'c; RY) x [®(I¢) given by

a(p—2)+28 < (7.32)

D :
(u,z) = &z (u,2) +f 76(@ ew) dx s strictly convex. (7.33)
o 2T

Proof. Following the calculations in [40], we prove (7.33) by investigating the monotonicity of the multivalued mapping
W22\ IT'e; RY x L2(Ie) = W2\ Te; RY* x [2(Te) (U, 2) b 0P (1, 2).
To this goal, we have to estimate from below

(0D (U1, 21) — 0P (U, 22), (U — Up, Z1 — 22))

= f (Ce(ur — up) + Tle(uy)” e(ur) — tle(uz)|” *e(uy)) : e(ur — up) dx
2\I'c

+ / £L([u1], [u2ll, z1, 22) dS. (7.34)
I'c

As for the latter term, using the short-hand notation s; = [[u;]] fori = 1,2, and r(z;) € 9ljo,11(z) as in (7.11a), we can
estimate the last term in (7.34) as

L(51,52,21,22) = k(2151 — 2252) - (51— $2) + (U (51) — () (52)) - (51 — $2) + g(zl —2)(Is1]* — Is2/*)
+ (1 (21) — 1@) (@1 — 22) + %21 — 2> + TP (T + 11?751 = (1 + 12177 1s2) - (51— 52) (7.35)
> kzys1 — 52| + g(a —22)(s1+382) - (51 — $2) + %21 — 22)°

+ (A + [s1D"2 7 sy — (1 + 15217 1s3) - (51— 52)

¢ K2 _ _
> 7(21 —2)* — @|S1 —s2Ps1 4 35217 + TP (1 + Is1 D27 sy — (4 217 1s3) - (51 — 52)
¢ 2 2
> 7(21 - Zz) - SK,T|S] - 52| (7.36)

for some positive constant —S, .. Indeed, the first inequality follows from the positivity (by monotonicity) of the second
and fourth term on the right-hand side of (7.35), and from simple algebraic manipulations. So does the second inequality.
To conclude the final inequality (7.36) for some constant S, ; > 0 depending on « and 7, we have used that (cf. [41, Lemma
5.2])

3G > 0: (14 [s1*2 151 = A+ [ 1s) - (51 = 52) = CulUsal* > + [s21*D)Is1 — 55l
for all 51, s, € RY and that (since o > 4)

K2

8t*

Combining (7.34) with (7.36), the boundedness of the jump operator u + [[u]] from W}”Jz(.Q \ I'c; RY) onto [?(I'¢; RY), as
well as using Korn's inequality, we conclude that

Vi, 7>03S,. >0 Vsi,55 € R :Curl([sq 7% + [so]“72) — Is1 4 352]* > =Sz (7.37)

¢ 2
(0D (U1, 21) — 0D (U2, 22), (U1 — Up, 21 — 22)) > 7”21 ) ”LZ(FC) — CS.clle(ur) — e(uz)”fZ(Q;Rdxd)

with the constant C depending on the positive-definiteness constant of C (cf. (2.6)), on the norm of the trace operator from
W12(2\ I'c; RY) to [ (I'e; RY), and on the constant in Korn's inequality (7.18). Finally, the key observation is that, for k > 0
fixed, the constant S ; in (7.37) has the following qualitative behaviour

1
Sec~———— ast — 0.
K,T tDl ﬁ%ﬁ‘l’%
Thus, using condition (7.32), it can be verified that for all « > 0 there exists t, > 0 such that for 0 < 7 < t, there holds
CS¢.: < d/+/7;againd > 0 is the positive-definiteness constant of D. This yields (7.33). O
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Lemma 7.6 (First a Priori Information). Under the assumi)tions of Theorem 6.1, for all o > 0 and for every ¢ > 0 there is T, such

that for all 0 < t < t, the approximate solutions (Ug;, O, Zer, Uer, Vet , Zo¢) fulfil the following “discrete mechanical energy”
inequality

() —
T]fin (asr (t)) + Per (Esr (t)’ Zeq (t)) + / (/ 2 ﬁDe(ﬂgT (S)) : e(il“ (S)) dx + /
0 2 I

> 1(22(5)) dS) ds

= Tlfin (ﬂo,f) + Pt (Uo,r, Z9)
& () _ B )
+ / </ O (5)B : e(iler (5)) dx + / Fr(s) - il (s) dx + f Fo(5) - e (5) dS) ds, (7.38)
0 o o v
as well as the following “discrete total energy” inequality

T (e (0) + P (T (). Zex () + /

2

ter ()
+ f ( f Fo(s) - iler(5) dx + / Fos) iher(5)d5 + f Ge(s) e+ f 2. ds> ds (7.39)
0 2 I'y 17 a2

and also the “discrete semistability” for a.a. t € (0, T) (where &, is from (7.31))

551 (t) dx =< T](Qin(ﬂo,r) + <DST (uo,z, ZO) + / 790 dx
2

Do (Uer (1), Zer (1)) < Por (Use (£),Z) + R (Z — Ze2 (1)) forallZ € L(IT). (7.40)

Proof. Let us now fix a solution (u¥_, z¥_, #* ) of Problem 7.1. Recall that such a triple exists thanks to Lemma 7.4. Let us

consider an auxiliary minimization problem, namely

minimize / oDZu¥, - u+ (1— /7 )De(Deul,) : e(u)

t7et

2
o (! u—ug! K
+TD6 " e . — OB : e(u) dx

z — k1
+r/ & (7”) dS—}—(D”(u,z)—/ Ff-udx—f ft"-udS
Ic T 2 I'n

subject to (u, z) € W};’((Z \ I'c; RY x [°(I7).

(7.41)

By convexity of ®@., and coercivity (cf. the calculations developed in the proof of Lemma 7.4), it is immediate to check that
the minimization problem (7.41) has a solution which we denote by (&i¥_, Z¥); of course, it depends on the pair (uf_, 9¥ )

T’ “eT -
in general. Writing optimality conditions for (i, z¥ ) gives, for all v € W},’)”(.Q \ I'c; RY), that
~k k=1

/ oDXf v+ (ﬁDe (%) + Ce(@*) + t|e(ﬁ’;t)|’/—2e(ﬁ’s‘r)) s e(v) dx
2

w2

-1
+ [ (et gz + o (14 it al) i) - aas
I'c
:/(ﬁ—l)ne(ntu’;);e(v)+(~)(z9§r)B:e(v)+Ff-vdx+/ fEovds (7.42a)
2 I'n

and, for all Z € L*®(I¢), that

sk

_ k-1 sk k-1
0@+ (r"‘zg‘r +rE )+ [ a0> (2 - M) ds > f o (M) ds. (7.42b)
Ic 2 T Ic T

Now, we test the difference of (7.12) and (7.42a) by u*, — @¥, and the difference of (7.13) and (7.42b) by z¥, — z¥_and sum
up the resulting relations. Using that the underlying potential, namely the functional

De(u) : e(u) dx

27

is strictly convex on W}L’)Z(SZ \ I't; RY) x L®°(I¢) by Lemma 7.5, we conclude that u¥, = ¥, zk =Zk

err Zer = Z5,- Then, the functional
in (7.41) must have a bigger or equal value on (u*; ', z¥-1) thanon (@¥,, Z¥,) = (u¥,, z¥,), which gives a discrete mechanical

W2) > G2+ [ iz — 2" ds + /
I'c 2
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energy inequality (compare with (4.20)), namely

Tlfin(Dfuls(r) + Per (ul;r’ Z{’:t) + T/ &1 (szgr) ds + % / (2 - \/?)DE(D[u’;r) : e(Dfugt) dx
Ic 2

< T (Dels ") + @ (Ul 257 + 1/ O W )B : e(Dauk,) + FX - Deuk dx + ¢ / fX. Dk ds (7.43)
2 I'n
when also employing the algebraic inequality

Diuf, D, = o bl — 2 D P
Upon summation over k, we conclude (7.38).

Now, to get (7.39), we add to (7.43) the relation obtained testing (the weak formulation of) the boundary value
problem (7.9b), (7.10c), (7.11d) and (7.11e) by t. Developing all calculations, one sees that, thanks to our carefully designed
discretization, the fourth term on the left-hand side of (7.43) and the first dissipative/adiabatic term on the right-hand side
of (7.9b) mutually cancel out. So do the third term on the right-hand side of (7.43) and the second right-hand side term in
(7.9b). Again upon summation over k, we arrive at (7.39).

Finally, to check (7.40), it just suffices to realize that the functional minimized in (7.41) has a lower value in (u’gr, zé‘f)
than in (uX_, Z) forany Z € L™(I), which gives

eT?

Gur (2 )+ [ oo (FE ) ds < o (ul,2) + 2=z 4
et \YUerr %er 1 = ¥er\YUgr>» T;] .
Ic T Ic T

Then, by using that ¢; is homogeneous degree 1 and thus satisfies the triangle inequality ¢;(Z — zf;; h < 5E - zé‘r) +
¢1(zk . — zk1), we find

@, (Ut 2E) < Do (uf,. 2) —|—/ (-2 — a2, =251 ds < @, (uf,. 2) —|—/ 6z —25)ds.
Ic I'c
Being k = 1, ..., K, arbitrary, we conclude (7.40). O
Lemma 7.7 (A Priori Estimates). Under the assumptions of Lemma 7.5, there exist constants So and, forevery 1 < r < gi—?
S: such that forall o > 0,¢ > Oand forall0 < v < 1, (7 being as in Lemma 7.5), for all approximate solutions

(Ugr, Dery Zer, Ugr, Uer, Zer ) the following estimates hold

e 1 0 7,012 @m0y = So- (7.44a)
TwWps
”usr ||W1=2(0,T;W11‘2((2;Rd)) < So, (7.44b)
D

Q]/z ”ué?'[ ”WLOO(O.T:LZ(.Q;Rd)) E 505 (744C)

e 1 < (7.44d)
£T L°°(0$T;WF'DV(Q;R‘1)) = «y/?’ B

|Zee 100 50y = So- (7.44€)

”ZH HBV([O,T];Ll(FC}) = Sos (7.44f)

||5SI ||LOC(O,T;L‘] (2)) =< 507 (744g)

||l9 || <S, foran 1<r<—+2 (7.44h)
et |l ro,mwir(@) = °r y 1 = FERR .

(2 .3 (7.44i)

LYO,T;W T (£2)%)

u < So, 7.44j

Q H e HBV([O,T};W}I’JV(Q;Rd)*) =0 (7.44))

(recall that v’ = ﬁ is the conjugate exponent of r), where Sy and S, neither depend on ¢ nor on t. Estimates (7.44e)-

(7.44h) respectively hold for zy;, Zer, Oy and O ., as well.

Proof. Some of the calculations we shall develop hereafter are analogous to the ones in the proof of [ 12, Prop. 4.2], to which
we shall systematically refer.
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First of all, we use the “discrete total energy” balance (7.39). Indeed, on the one hand, by definition (7.31) of &,,, the
second term on the left-hand side of (7.39) is bounded from below and, thanks to positive-definiteness of C and Korn’s

inequality (7.18), it provides a bound for ||u,, (t) ||5v1-2(9-111<d) and for 7|t (t) ||VW1_V(Q,Rd) uniformly w.r.t. t € [0, T]. Further,

being ¥,, > 0 a.e. in £2 thanks to (7.15), the third term on the left-hand side of (7.39) estimates ||, ll100 0.7:11(2))- TO
estimate the right-hand side of (7.39), we employ the discrete “by-part” summation [12, Formula (4.51)], to the effect that

0] T ()
/ ffw»%wam: fe(®) - Uer (0)dS — ﬂmwmw—/ fr(s) - u,, (s) dSds
0 I I'n T I'n

I'n

- 2 2 T 112
= 103I|u8t (t)nwl.Z(Q;Rd) + Cp3 (”uo,fnwl,Z(Q;Rd) + ||f"7||L°°(0,T;L4/3(1"N)))

O
+ C/ e ()Ml 273 (1) e () w12 (@:rd) S, (7.45)
0

where inequality (7.45) is also due to the continuous embedding (4.3) and p3 is chosen in such a way as to absorb the first

term on the right-hand side into the term ||u,, (t) ||@1Y2(Q‘Rd) on the left-hand side of (7.39). Furthermore, in the case o > 0

we estimate the fourth term on the right-hand side of (7.39) by

o O _
/ /Fm»%wmms/ IF o )2ty lier (5) 1 20ume . (7.46)
0 2 0

We then combine (7.39) and (7.46), and (7.45), and use (7.5)-(7.6b) for F., f., f,, G,,andg,. Applying the Gronwall Lemma,
we conclude estimates (7.44a), (7.44c)-(7.44e) and (7.44g) (the estimates for z,, and ¥,, following from the bounds for
Z¢; and ¥, and from (7.3)). In the case o = 0, the only change in the above calculations is that, under the additional
assumption (5.5a), we estimate the fourth term on the right-hand side of (7.39) by use of the aforementioned discrete by-
part summation formula. Namely, on account of the Sobolev embedding (4.3)

() ()
/ f F.(s) - Uler (5) dxds = / Fo(t) - U, (t) dx — f F. (1) -ug,dx — / / F.(s) - u,, (s) dxds
0 2 2 2 T 2

- 2 2 T 12
S /04||ué“l.’ (t)”Wl-z(Q;Rd) + C)04 <||u0,‘f||wl,2(9;Rd) + ”FT”LOO(O,T;LG/S(Q;]Rd)))

tr (6) .
+C/ I1Fe () Ml16/5 (2:rey 1Uer () lw1.2(0:re) ds, (7.47)
0
where again the positive constant p4 is such that the first term on the right-hand side of (7.47) is controlled by
|ter (1) ||‘2/‘/1,2(9_Rd) on the left-hand side of (7.39).

For later use, we point out that, due to (7.44a) (which yields ” [ue 1 HLOO(O T.14(re:rd)) < C for some constant independent

of ¢ > 0and t > 0), estimate (7.44e), and assumption (5.1e) on 7, there holds

Sup |7y Zer) ll oo 0,13 (rey) < C- (7.48)
e, T

Secondly, again arguing as for [12, Proposition 4.2], we make use of the technique by BoccARDO & GALLOUET [42], with
the simplification devised in [43]. Hence, we test the heat equation (7.29) by I7(?¥,.), where IT : [0, 400) — [0, 1] is the
map

wi MMw) =1 ¢ >0;

(I +w)s’

note that I7(d,,) € W'2(£2 \ I't), because IT is Lipschitz continuous. With the same calculations as in [12], taking into
account (5.1d) we find

Ve |? _ _
k/ %dxdt < / K(e(Usr), Tor)Ver - VIT (D7) dxdt
Q (1 + 195{) +s Q

+ / N[t 1, Ze) [O Fe) M () dSdt +/ M@ o (T, ) dx
Xc 2

< / T (D) dx + |G, ) + 118l (s
2

+ C(”De(ilsr) : e(usr)”Ll(Q) + |0@:)B : e(uar)”N(Q) + 1141 (isr)”Ll(Ec)) (7.49)
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where 17 is the primitive function of I7 such that I (0) = 0. Note that inequality (7.49) follows from the fact that
MU,y Ze)[O (U e)IIT (Do) ]| = 0 ace. in X (by the positivity of n and the monotonicity of ® and IT), from the “discrete
chain rule” [12, Formula (4.30)] for ﬁ, and from 0 < IT(¥,;) < 1. Combining (7.49) with the Gagliardo-Nirenberg
inequality, we find, forall 1 <r < (d 4+ 2)/(d + 1), that

V7.

rQ:rd) = <G ( 1+ [IDe(it,) : e(ilsr)”Ll(Q) + 10@:)B : e(uar)”L‘(Q) + 1141 (Z.sr)”Ll(Z‘c)) (7.50)

for some positive constant C;, depending on r and also on the function », cf. (5.1e).
Then, we multiply (7.50) by a constant ps > 0 and add it to (7.38) (in which we set t = T). Now, by positive-definiteness
of C, the third term on the left-hand side of (7.38) is bounded from below by d/2||e(u”)||L2(Q Rdxdy» whereas the fourth

term controls ||£1(Ze;) ll11(5.)- Thus, we choose ps small enough in such a way to absorb the first and the third term on the
right-hand side of (7.50) into the left-hand side of (7.38). Hence, we find

d . . - .
Z”e(u”)”fz(Q;RdXd) + (] - IOS)HCI (ZEI)”L](ZC) =+ ps HVﬁsr “ZV(Q:Rd) = T]fin(uoﬁr) + ¢sr (UO,Z» ZO,I)

T T
+ / / Fr . iler dxdt + f fr : ilsr dsde + (pSCr + 1)”@(Esr)Be(usf)”Ll(Q)~ (7-5])
0 J@ 0 JIy

The first two terms on the right-hand side of (7.51) are estimated in view of (7.5)-(7.6b) and (7.7), whereas, taking into
account the Sobolev embedding (4.3) and Korn’s inequality (7.18), we have

T T T
_ _ d ,
/ / FT - Ugr dth E C/ ”FT(S)”iG/S(_Q;]Rd) + 16 / ||e(u5T)||§2(Q;Rd><d) dt’
0 2

T

T d .
| [ Fodcasar<c f e+ 35 | Vel o
0 I'n

here again d > O is the positive-definiteness constant of D. To estimate the last summand, we use the boundedness of C
and (5.2), finding

(psCr + DO (P e:)B : e(ilsr)”Ll(Q) = Pe ”e(usr)” 12(Q:Rdxd) + Cpg ||O(l9£r)||L2(Q)
. 2/w
< 6 lle(iter) 72 q:paxey + Co (IPecllihfo o, + 1) (7.52)

in which we choose the positive constant pg small enough, again to absorb the first term on the right-hand side of (7.52) into
the left-hand side of (7.51). In order to estimate ||, ll12/0q), we again employ the Gagliardo-Nirenberg inequality. Indeed,
with the same calculations as throughout [12, Formulae (4.39)-(4.43)], and relying on the restriction of @ in (5.1b) and on
the bound for || || 100 (0, 1:11(52))» WE conclude

T
f ey = o0 [ 197l
0

for a suitably small p7 > 0. Then, we plug (7.53) into (7.52), and the latter into (7.51), and choose p; in such a way as
to absorb ||V, Lr(Q Rd) into the left-hand side of (7.51). Thus, we conclude estimate (7.44b), as well as an estimate for
1C (Zer) ll11 (5. (vielding (7.44f)), and a bound for V¥, inL"(Q; RY). Combining the latter information with the estimate for

Dor in L°(0, T; L' (£2)), we infer (7.44h) (the estimate for ¥,, due to the bound for ¥, and to (7.3)). As a by-product of the
above calculations, we find

ity + Cor (7.53)

. 2 -4/t . . — X
lAszllig =€, with A := ZfDe(usr) te(ler) + ODer)B : e(Uler). (7.54)

For later convenience, we also remark that (7.44h) yields

— dr
10 @ ec)llieroriearey < C foralll < g < q (7.55)

)
—r

where we have also used the continuous embedding W17 (£2) C LI(I¢) for q ranging in the above-mentioned index interval,
as well as the growth restriction (5.2) imposed on ©.
To prove (7.44i), we argue by comparison in (7.29), to the effect that

”l.?er ”Ll(O,T;leT/(Q)*) = sup (Is +1Is +17; +13), where

1wl o0 o w1 (@) =1

Iy = / Aeew = el Il < Clwlleo rwiv o
Q
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thanks to (7.54) and the continuous embedding W”’((Z) C L*®(£2) (since r’ > d + 2), while
16 = - / K(e(ﬁs‘r)7 5E‘E)VEST - Vw =< CJC ”VEE‘E ”Lr(Q) ”Vw”]_r/(Q) =< C”w”]_oo(ho;Wl,r/(Q))
Q

due to (5.3) and (7.44g). Further,

+ —
I =~ / (n([[ue,]],z”)[[@(ﬂu)]][[w]] +a1inw|*2+w'“> dsdt
Zc

(”77(2”7zar)”LOC(o,T;P(rC)) ||@(§ez)||Lwr(O,T;qu(FC)) + ||§l(isr)||L1(zc)) lwllzoo(x¢)

IAIA

C” w ||L°°(O,T;W1vr/(.(2))

thanks to (7.44e), (7.48) and (7.55), and the continuous embedding W (2) C L®(I¢), and, finally,

k=fawmm+/§w“m§WMM@H@MWNWMWWwW.
Q X

Collecting the above calculations, we conclude (7.44i).
Finally, for (7.44j) we use that ii,, is a measure on [0, T], supported at the jumps of ii.,, and we estimate the norm

olliig; ||M(0 LW (@\ I rdys)” where M(0, T; W}I‘Jy (2 \ I'c; RY)*) denotes the space of Radon measures on [0, T] with values
TiWp ;

in W}L’)V(Q \ I'c; RY*, arguing by comparison in (7.28); see the proof of [12, Prop. 4.2], where similar calculations were
carried out. O

8. Limit passage with 7 — 0 and proof of Theorem 6.1

Throughout this section, we shall keep ¢ > 0 fixed, and let T — 0. We shall develop a proof of the passage to the limit
unifying the cases ¢ > 0 and ¢ = 0.
Step 0: selection of convergent subsequences. First of all, it follows from estimates (7.44b), (7.44c) and (7.44j), from the Banach
selection principle, and from the Aubin-Lions theorem (see, e.g., [44, Theorem 5, Corollary 4] and [39, Corollary 7.9] for the
generalization to the case of time derivatives as measures), that there exist a (not relabelled) sequence t — 0 and a limit
function u, € W2(0, T; W}L’)Z(Q \ I'c; RY) such that the following weak, weak®, and strong convergences hold as T — 0:

Ue = Uy D W0, T; Wi (2\ T RY), (8.12)
uer > U inCO([0, T WS <32\ I; RY) Ve e (0,1], (8.1b)
ifo>0, U, —u inW"®(0,T;2(2;RY). (8.1¢)

In the case ¢ > 0 we also have u,, — u, in W"2(0, T; W};e’z(.Q \ I'c; RY) NWha(0, T; L2(82; RY)) for all € € (0, 1] and
1 < g < oo. Furthermore, estimate (7.44j) and a generalization of Helly’s principle (see [45] as well as [15, Theorem 6.1])
yield that 11, € BV([0, T]; W;[')y (22 \ I'c; RY*) and, in addition, iy, (t) — 11, (t) in W}I’Dy 2\ I'c; RY* forall t € [0, T]. By
virtue of estimate (7.44c) and of a trivial compactness argument, this pointwise weak convergence improves to

Ue (8) = () inL?(2;RY) forallt € [0, T], in the case o> 0. (8.1d)
Combining (8.1a) and (8.1b) with the general inequality (7.4), we conclude that, up to the extraction of a further subsequence,
forall e € (0, 1],

Upr 1, inL®0,T;WHAR\TGRY), T — u, inl®0,T; W %(2 )\ I RY), 510)

de

Uer (1) = ug(t) in W <32\ I'c: R forall ¢ € [0, T],

the latter pointwise convergence due to (8.1b) and (7.4).

With the aforementioned compactness results, we deduce from estimates (7.44e) and (7.44f) that there exists a function
z, € L®(Z)NBV([0, T]; Z),(Z being some reflexive space such that L' (I't) C Z with a continuous embedding, for example
Z = W2 (I:)* for some € > 0), such that (possibly along a subsequence)

Eez N Zg in LOO(EC). (82&)

and, again by [15, Theorem 6.1, Proposition 6.2], Z., (t) — z.(t) in Z forall t € [0, T]. In view of (7.44e), we indeed have
pointwise weak* convergence in L*°(I¢), i.e.

*

Zoo(t) = z:(t) inL®(I¢) forallt € [0, T]. (8.2b)
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Finally, arguing as in the proof of [ 15, Theorem 6.1] with Helly’s selection principle and taking into account (8.2b), we
conclude thatforall0 <s <t <T

t
Varg(ze; [s, t]) < lim / / £1(Ze: (1)) dSdr, (8.2¢)
= s I'c
recall definition (4.19) of Var . Ultimately, this yields that there exists Sy > 0 such that

z. € BV([0, T]; L'(I't)) and 1ze v o, 71:01 (reyy =< S, foralle > 0. (8.2d)

Thirdly, by the same tokens we conclude from estimates (7.44g)—(7.44i) that there exists ¥, € L' (0, T; W' (2 \ I't)) N
BV([0, T]; W' (82 \ I't)*) such that

Ter, Der — 0 inL7(0, T; W (2 )\ 1)), (8.3a)
Der, Oer — O InL7(0, T; WH4(2\ ) N LU0, T; L'(2)), (8.3b)

foralle € (0,r — 1]and 1 < q < o0, as well as, by Helly’s selection principle,

Ber () = D.(6) in W' (2 \ I't)* forallt € [0, T]. (8.3¢)
Then, by the a priori bound of 9%, (t) in L'(£2), also

Ber(t) — D.(t) in M(£2) forallt € [0, T]. (8.3d)

Notice that, under condition (5.8) on 6, convergence (8.3b) and (7.15) yield (6.8). It also follows from [ 15, Theorem 6.1] that
Varp ., (O [s, t]) < limeoVaryy -, (9 [s, t]), withVary ,  denoting the total variation w.r.t. the norm
wlr (2)* wlr (2)* wlr (2)*
I - ||w1~r’(rz)*- This entails that
19 lgyqo.r1: W (2y) < S, foralle > 0. (8.3e)
For later purposes, we also point out that, in view of estimate (7.44g) and of (8.3b), there holds
”195 ”LOC(O,T:Ll(.Q)) < SO foralle > 0, (83f)

Sp being the same constant as in estimates (7.44).
Besides, (7.44d) yields that

t|lle@e) " 2e(@er) |1y /iy-1 gipaxay < Sot” =0 as T — 0. (8.4a)

In view of (4.3) and the second of (8.1e), it is not difficult to verify that, for all € € (0, 3],

[0 — [u] inL®(0, T; L*~(Ie; RY)), } (8.4b)

[Hee O = Mue(OT inL*€(Ic; Rd) forallt € [0, T].
Furthermore, using that (I7)’ is given by (6.3), and recalling (6.4), from (7.44b) we easily infer that

3S1=51) >0 Vo >0: [0 ([Tl oo 0125y = St (8.4¢)

with S1(e) — ocoase — 0; more specifically, due to (6.4) we have S;(¢) = ¢(1/¢). Combining (8.4b) with the strong-weak
closedness of the graph of the operator (I¢)’, up to the extraction of a further subsequence we find that

1) ([ e D) = (1) (D) in L0, T; L2 (T RY). (8.4d)

Moreover, using that |(1+ [Tz ][22 [ T.t]l| < 2%*2(| [Tl + |[Tec T |“7]) a.e.in X, as well as estimate (7.44b), one
sees that the sequence {(1 + |[ Tec 111%) 2~ '[@e. I} is bounded in L® (0, T; [**“—D(I; RY)). Thus,

I3
2

P2 (14 ([T 1[*)? M) = 0 in (0, T; L4V (s RY)). (8.4e)

Next, let us point out that, in the case the space dimension is d = 3, (7.44h) holds for all 1 < r < 5/4, so that (8.3b)
yields by interpolation

8
Der — 0 inLP77€(Q) forall e € (0, 7] ) (8.5a)

In particular, © (¥,,) — ©(9,) a.e.in Q. Combining this information with (5.2) (note that, by (5.1b), @ > g ford = 3),itis
immediate to deduce from (8.5a) that, for example,

Or) — OW) inl*(Q). (8.5b)
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Furthermore, using standard trace theorems we also deduce from (8.3b) that for all € € (0, 2]

<+ - — . _
Oorlre = 95 and 9,1 — 97| inL"(0, T; L'~ (I7)),

so that, again by (5.2), for d = 3, using that ® > 6/5, we conclude that
9 : r 12/7—€ 5
@) — [©@W)] inl(O,T;L (It))Yee (O, L (8.5¢)
Similar calculations leading to (8.5b) and (8.5¢) can be performed in the case d = 2.

In the end, we are now going to show that

D, (ug(t), z,(t)) < lim i(r)lfdﬁﬂ (Ug (t), Ze,(t)) forallt € [0, T]. (8.6)

Indeed, taking into account (8.1e) it is not difficult to deduce that for all t € [0, T]
1 1

lim inf / —Ce (T (1)) : e(Ter (1)) dx > f —Ce(us (1)) : e(up (1)) dx.
=0 Q\I¢ 2 o\Ic 2

Combining (8.2b) with (8.4b), we have

T—0

lim inf / L2 0|1 T (1] dS > / L2®|lu o1 ds forallt [0, T].
I'c 2 I'c 2

Besides, taking into account that I is lower semicontinuous on [2(I'c; RY) (cf. (6.1)), we immediately conclude

lim iélfl,i([[ﬁ”(t)]]) > Ip([u. (1) forallt € [0, T].

Collecting the above inequalities and also relying on (8.2b), we infer (8.6).

Step 1: passage to the limit in the momentum equation. As a first step, we shall take the limit as t — 0 of the discrete
momentum equation (7.28) and of the discrete heat equation (7.29) with more regular test functions, which, for technical
reasons, we shall need to approximate carefully. More precisely, for the momentum balance equation (6.7) we shall use test
functions

v e 20, T; W@\ I'e; RY) N w10, T; [*(22; RY))  for some A > 0, (8.7a)
Ip

and we shall approximate them with discrete approximations {v’f‘ }, such that the related piecewise constant and linear
interpolants fulfil as t — 0,

vy —> v inwb1(0, T; [*(£2; RY)),
T, > v in[2(0, T; W22 \ I't; RY)) for some A > 0, (8.7b)
t7e(w;) > 0 inL”(Q; R™Y), '

2 p—
o/ “UT”L](O.T;L“/(S”‘)(rc)) =C

Now, combining (8.1a) and (8.5b) with the second of (8.7b) and (8.4a) with the third of (8.7b), we pass to the limitast — 0
in the first integral term on the left-hand side of (7.28). Secondly, (8.2a) and (8.4b) yield

KZer [ Uer ]l X kzo[[u:]] inL>®(0, T; L*~¢(I¢)) forall € € [0, 3),

which we combine with the second of (8.7b). Also taking into account (8.4d) and (8.4e), together with the fourth of (8.7b),
we take the limit of the second integral term on the left-hand side of (7.28). In the case ¢ > 0, we take the limit of the third
and fourth terms on the left-hand side, and of the first term on the right-hand side of (7.28) by means of (8.1c) (combined
with the first of (8.7b)), of (8.1d), and of (8.1e). Finally, using (7.5a) and (7.5b) we handle the second and third right-hand
side terms in (7.28). We thus conclude that the triple (u,, z., ¥,) fulfils equation (6.7), first with test functions as in (8.7a)
and ultimately, by a density argument, with test functions v € L?(0, T; W}l‘)z (2 \ I'c; RY)Y N WL, T; [2(£2; RY).

Step 2: passage to the limit in the semistability condition. We consider a subset & C (0, T) of full measure such that for all
t € N the approximate stability condition (7.40) holds independently of t — 0. Then we fixt € & and Z € L>*(I¢). We
may suppose without loss of generality that R(Z — z.(t)) < 400, hence

Z(x) < z.(t,x) foraa.x e Ig. (8.8)

We then construct the following recovery sequence

7 60— wherez, (6,0 > 0
For(t,X) = Zer( ’X)zg(t,x) where z.(t, x) > 0, (8.9)

0 where z,(t, x) = 0.
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Now, using (8.8) and (8.2b) one immediately sees that

Zer( 1) SZer(8) aeinle,  Ze(t) —Z inl®(I). (8.10)
Plugging Z, in (7.40), we find

0 = 1im sUp(Per @ee (6), Zer (0) + Rer () = Zer (0) = Pec (e (0, Zc (1))

7—0

= lim SUP/ <% (|287.'(t)|2 - |zsr(t)|2) + %“[Hst(t)mz (zsr(t) - Esr(t)) - (GO + a])(zsr(t) - 2er(t))) ds
Ic

7—0

IA

[ GO ¢ - 20) - @+ a0 -20)) ds
It

D (U (0), Z(0)) + R(Z(E) — 2: (1)) — Pe (U (0), Z: (1)), (8.11)
where the second inequality ensues from (8.10) and (8.4b).
Step 3: passage to the limit in the mechanical and total energy inequalities. Using (8.1a), (8.1d), (8.2a), (8.2c) and (8.6), we pass
to the limit in the left-hand side of the discrete mechanical energy inequality (7.38) by weak lower semicontinuity. To take
the limit of the right-hand side, we employ (7.7), the weak convergence (8.1a) and the strong convergence (8.5b), which
yield

O Fe)B : e(ile;) — OB : e(il,) weaklyinL'(Q). (8.12)
Also using (7.5a)-(7.5b), we conclude that the triple (u,, z., ) complies for all t € [0, T] with

t
T (1 (0)) + @ (ue(0), z: (1)) + / / De(ite (5)) : e(ite (s)) dxds + Var (z; [0, t]) < T, (ito)
0 2

+¢£(u0,zo)+/ (/ O (9:(s)B : e(ite(s)) dx+/ F(s) - i (s) dx + f(s)-itg(s)d5> ds. (8.13)
0 2 2 I'v

We also pass to the limit in the discrete total energy inequality (7.39). Indeed, one tackles the left-hand side by the
above-mentioned lower-semicontinuity arguments (also using (8.3c)), and passes to the limit in the right-hand side by
convergences (7.7) and (7.5)-(7.6b). In this way, one concludes that (4.14) holds as an inequality.

Step 4: mechanical energy equality. Like in [12], we prove that, in the limit, the mechanical energy inequality (8.13) in fact
holds as an equality, obtaining

Tign (116 (£)) + P (U, (1), (1)) / / De(il;) : e(ily) dxdt + Varg (ze; [0, t]) = Ty, (ito) + P (uo, 20)

t
+/ (/ O(9:)B : e(i,) dx+/ F-i,dx+ f(s)~it$(s)d5> ds forallt €[0,T]. (8.14)
0 2 2 Iy

To this aim, we develop the same calculations as throughout [12, Formulae (4.69)—(4.76)]. The first step of the argument
is a sophisticated trick based on the previously proved semistability condition (see also, e.g., [19,31] for the use of such a
technique in a rate-independent context), which allows us to prove the following inequality for all t € [0, T]

t
D, (us(t)7 Zs(t)) - ¢a(u0v 20) + Vargz(z.; [0, t]) > / <((p€)1/_1(u87 Zc), Ug) ds

0
t t
=// Ce(ua):e(its)dxder// (kzellue D - e + () (Lue D) - i) dSds, (8.15)
2\I'c 0 JIt

where (@,),, denotes the partial Gateaux derivative with respect to u of the functional @, : W22\ It) x L®°(T¢) — R,
and the equality follows from the definition (6.6a) of @,. The second step consists of testing of the momentum balance

equation (6.7) by .. In the case ¢ = 0, i1, € [%(0, T; W,l-")2 (2 \ I'c; RY) is an admissible test function for (6.7). In the
case ¢ > 0, the test by 11, may be performed after proving that ii, € L?(0, T; W}l‘)z (22 \ I'c; RH™), of. Remark 5.4. In fact, a

comparison argument in (6.7) readily yields that ii, € L%(0, T; W}L’)Z(Q \ I'c; R*). Choosing i, as a test function in (6.7)
and integrating on (0, t) for all t € [0, T] leads, after an integration by parts, to

t t
Q/ RGIE dx+/ /]D)e(as) : e(itg)dxds—i-/ /(Ce(ug) : e(l1,) dxds
2 Jg 0o Jo 0o Je

t
+ / f (keze[[uell + (T)' ([ue D) - [ite1) dSds
I'c

/|u0| dx+/ (/ @(z?s)IB:e(its)dx—f—/ F -t dx + f(s)-ilg(s)dS) ds. (8.16)

Combining (8.15) with (8.16), we obtain the reverse inequality in (8.13) and thus conclude (8.14).
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Step 5: passage to the limit in the enthalpy equation. First of all, we observe that the following chain of inequalities holds for
allt € [0, T]:

t t t
Varg(z.; [0, t]) —i—/ / De(il,) : e(ll,) dxdt < lim inf/ £1 (Zer) dSdt —i—/ / De(il,;) : e(ily,) dxdt
0o Jo =0 Jo Jrc 0 Jo

< limsup T]ﬁn(uo,r) + Do (Uo7, 20) — T]Sjn (lgr (1) — Per (U (L), Ze (1))
0

T

t
+/ (/ @(ﬁgr)B:e(ﬂ”)—l—fff~l'1”dx+/ fr-ﬂgrds) at
0 \Je o) Iy

t
< T (o) + ®e (U, 20) — Tig (Ue () — Do (U (£), 26 () +/ (/ O(0:)B : e(il;) + F - i1, dx
o \Je

t
+ f-u, dS) dt = Vargz(z; [0, t]) +/ / De(il) : e(ily) dxdt. (8.17)
I 0 Jo
Indeed, the first inequality ensues from (8.1a) and (8.2c), the second one from the discrete mechanical energy
inequality (7.38), the third one from (7.7), (8.1d), (8.6) and (8.12), and from (7.5a)-(7.5b), cf. also Step 3. Finally, the last
equality ensues from (8.14). Thus, all of the above inequalities turn out to hold as equalities. By a standard lim inf /limsup
argument, this entails that

lim T (it (£)) = Tigy (i 1)),

lim Do (Uer (6, Zex (5) = Pe (ue (1), 26(0)) forall t € [0, T], (8.18)
as well as

De(ﬂsr) : 6(1:151) — De(l'lg) : e(i[g) Stl'OIlgly in L] (Q) (819)

As pointed out in Remark 8.1, it follows from (8.19) that u.; — u, in W'2(0, T; W2 (82 \ I'c; RY)). Therefore, (7.4) yields
that

Ue = U, inL®(0,T; Wr2(2\ I'e: RY). (8.20)

Furthermore, arguing as in [12], from (8.17) holding as an equality we conclude that

(2..) = &9 in measure on ¢, (8.21)
Zg

with 5;;‘” being the measure introduced in (4.17).
We are now in the position of taking the limit of (7.29), where we shall use test functions

w e (0, T; WS (@ \ It) "W (0, T; L (2)) forsome ¢ > 0, (8.22)

and we shall approximate them with discrete approximations {w’;}, such that, as t — 0, the related interpolants fulfil
asw, — win C°(0, T; W'+s(2 \ I)) for some ¢ > 0, and w; — w in W' (0, T; L (2)). Then, we pass to the
limit in the first integral term on the left-hand side by exploiting (8.3c) and the aforementioned convergence for the test
functions w,. To deal with the second term we observe that, due to (8.20), to (8.3b), and to the boundedness of the function
K i R4 x R — R4, there holds X (e(Ue;), Per) — K (e(ue), ¥) in L9(Q) forall 1 < q < oo, which we combine with
the weak convergence (8.3a) for 1., and with the convergence for w;,. It follows from (5.1e) and from convergences (8.2a)
and (8.4b) that n([[u, . 1, Z1) A n([ugll, z.) in L0, T; L3~¢(I'y)) for all € € (0, 2], which we exploit with (8.5¢) to take the
limit of the third integral term. The passage to the limit in the fourth term results from (8.3a) and the convergence for .
As for the right-hand side of (7.29), to deal with the first integral term we exploit (8.19) and the convergence for w., which
in particular yields w;, — w in C°(Q). Relying on this convergence and on (8.21), we also infer

LW, | 4wy wlf 4wl

lim | — / Q120 —C " g4sdr | = / — e Tt gsufiqsdr).
Zg

7—0 c 2 ¢ 2

Finally, employing (7.6b), one takes the limit of the last three terms on the right-hand side of (7.29), thus finding that
the triple (u., z., ¥) fulfils the weak formulation (4.16) of the enthalpy equation for all test functions as in (8.22). Again
by a density argument, we conclude that (u,, z,, ¥,) fulfil (4.16) with test functions w € C°([0, T]; wir’ (£2\ Ic) N
w0, T; L' (2)).
Step 6: total energy identity. We test the weak formulation (4.16) of the enthalpy equation by 1, and add it to the mechanical
energy equality (8.14). Thus, we conclude that the total energy identity (4.14) holds for the e-approximate problem.

This concludes the proof that (u,, z,, ;) solves the approximate problem, i.e. Theorem 6.1. O
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Remark 8.1 (Strong Convergence). Let us observe that, in the case ¢ > 0, by a classical argument based on a Korn-type
inequality and the uniform convexity of the space W2(0, T; W}[")Z(.Q \ I'c; RY)), convergence (8.19) joint with (8.1d) allows
us to conclude that u,; — u, in W20, T; Wi(82 \ I'c; RY)). Likewise, if ¢ > 0(8.18) gives ite (t) — 11, () in [ (2; RY)
forallt € [0, T].

Remark 8.2 (Numerics). We point out that our method of proof may yield some strategy for numerical analysis after making
a spatial discretization, although the non-variational structure of (7.9) (preserved if discretized in space) would still require
some iterative procedure for numerical solution, cf. [46].

9. Limit passage with ¢ — 0 and proof of Theorem 5.1

In passing to the limit in the e-approximate problem as ¢ — 0, we shall follow the steps of the proof of Theorem 6.1.
Thus, we shall sketch most of the arguments, referring to the detailed calculations developed in Section 8, and dwell with
some detail only on the passages to the limit as ¢ — 0 in the momentum equation, and on the proof of the mechanical
energy equality.

Step 0: a priori estimates and compactness. The sequence (u,, z., 9¥.), inherits the a priori estimates of Lemma 7.7, i.e. now

Jue ”w1«2(o,r;w};(9;Rd)) +0"*|lus “WLOC(O,T;LZ(Q;]R{d)) + Q”ijgHLZ(O,T;W}'Cz(Q;Rd)*) =5, (9.1a)

2l o ey + 126 lavgo oty <55 (9.1b)
d+2

”ﬂg ||L°<’(0,T;L1(Q)) + ”195 ”L’(O,T;W”(Q)) + ”l96 ”BV([O,T];W”/(Q)*) =S foranyl=<r< d+1 (9.1¢)

sup Pe (ue(t), ze(t)) =S (9.1d)

te[0,T]

forsomeS > 0andS; > Odependingon1 <r < Z%. Indeed, the first two estimates in (9.1a), the first of (9.1b), and the
second of (9.1c) respectively follow from (7.44b), (7.44c), (7.44e) and (7.44h) via lower semicontinuity. The second of (9.1b)
and (9.1c) have been proved throughout Section 8, cf. with (8.2d), (8.3e) and (8.3f). The third of estimates (9.1a) follows by
testing (6.7) by functions v € L?(0, T; W}’Cz 2\ Ie; RY) NWL1(0, T; 1%(£2; RY)) and taking into account (9.1a), the second
of (9.1c¢). Finally, (9.1d) is a direct consequence of the total energy inequality.

By the Banach and the Helly selection principles, there is a subsequence (for simplicity, denoted by the same indexes)
and (u, z, ¥) such that the following convergences hold:

ue = u in W0, T; Wi2(2 \ I't; RY), (9.2a)
u, — u inC°([0, TY; W};E‘Z(.Q \Ie;RY) Ve e (0,1], (9.2b)
ifo>0, U — uin W0, T; [2(2 \ I't; RY)) N W22(0, T; WrA(2\ i RYY), (9.2¢)
ifo>0u —u inW"0, T; Wi (2 \ I; R)) NWH(0, T; [*(2;RY) V0<e<1,1<g<oo, (92d)
ifo >0, u.(t) = u(t) inl?(2;RY) forallt € [0, T], (9.2e)
Ze =~z inl®(Zc), (9.2f)
Z.(t) A z(t) inL*(I¢)forallt € [0, T], (9.2g)
O =~ inl"(0, T; W (2 \ IY)), (9.2h)
O — O inLl'(, T; W=\ I)NLIO,T; L'(2)) Yee (0,r—1],1<q< oo, (9.2i)
Be(t) = 0(t) in M(2)forallt € [0,T], (9.2j)
: [ee) . 74—€ . md

%Z?t)_]; Eu ][][u(t)]] :E 247(:2}2 ?Rd) f(cf;ce;r]i/ i),e [0, T],} foralle € (0, 3] (9-2k)
O@,) - O®) inl*(Q), (9.21)
[©®)] — [O®)] inL (0, T; L**(I¢)). (9.2m)

Convergences (9.2) can be deduced from estimates (9.1) arguing in the very same way as throughout (8.1a)-(8.5¢) in
Section 8: in particular, cf. (8.5¢) for (9.2m).

Step 1: passage to the limit in the momentum equation. First of all, notice that (9.1d), (9.2k) and (6.2), and the constraint
z € [0, 1] a.e.on I, yield that there exists some C > 0 such that forall t € [0, T]C > liminf,, o If ([u: (1) > Ik ([u(0)]),
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whence (4.12). We now exploit (9.2a)-(9.2f), (9.2k) and (9.21) to pass to the limit in (6.7) with o > 0, tested by v — u,, for
any v in I?(0, T; W}L’f(Q \ I'c; RY) (and in W1(0, T; L2(£2; RY)) if o > 0), with [v] > 0 on X¢, i.e. for any test function
in (4.13). Using the mentioned convergences, we find

lim sup / (1) (Iue) - [ue — v] dSdt = limsup / otl - (u:(0) — v(0)) — 0iLe(T) - (ux(T) — v(T)) dx
e—0 Xc 2

e—0

+ f-(u, —v)dsdt — f kzZe[[ug]l - [ue — v] dSdt
Zc

ZN

+ f F - (u, —v) — (De(tl;) + Ce(u;) —BO (D)) : e(ue — v) + ot - (U — v) dxdt
Q

< / oilo - (g — v(0)) — oil(T) - (u(T) — v(T)dx+ | f-(u— v)dSdt — f xzl[ul - [u — v] dSdt
2

N Zc

+ / F-(u—v) — (De(®) + Ce(u) — BO(Y)) : e(u — v) + ot - (il — v) dxdt. (9.3)
Q
On the other hand, recalling formula (6.3) for the Yosida regularization (I¢)’, we see that

N ]
lim inf / (1) (LueD) - (Tuel — [vl)dsde > lim inf / ([ueD — Py ([ueD)) - (Pk ([ueD — [vl))dSdt
E—> EC E—> EC

+ limiglf% / ([uell — P ([ueD)) - (Muel — Py ([u D)) dSde > 0 (9.4)
e— >c

the latter inequality holding due to the properties of the projection operator and the fact that v > 0 on X. Combining (9.3)
and (9.4), and rearranging some terms, we readily conclude the weak formulation (4.13) of the momentum inclusion.

Step 2: passage to the limit in the semistability condition. It can be performed by the very same recovery sequence trick devised
in Step 2 of the proof of Theorem 6.1.

Step 3: passage to the limit in the mechanical and total energy inequalities. It follows from (9.2a), (9.2f), (9.2k) and (6.2) that
D(u(t), z(t)) < limi(r)lfq)‘gj(u‘g (t),z.(t)) forallt € [0, T]. (9.5)
&j—
Combining (9.5) with convergences (9.2) and arguing exactly like in Step 3 of the proof of Theorem 6.1, we pass to the limit

by lower semicontinuity in conclude that (u, z, ) complies for all t € [0, T] with the mechanical energy inequality (8.13),
with @ in place of @,. Likewise, we conclude the total energy inequality.

Step 4: mechanical energy equality. Arguing like in Section 8 (cf. [12, Formulae (4.69)-(4.76)]), we first of all prove that for all
t €[0,T]

t
@ (u(t), z(t)) — @ (uo, 20) + Varg(z; [0, t]) 2/ (A, 1) ds
0

forany A € L2(0, T; W2(2 \ I'c; RY*) with A(t) € 8,@ (u(t), z(t)) foraa.t € (0, T), (9.6)

where 3,® : W'2(2 \ I't; RY) = Wh2(2 \ I'c; RY)* denotes the subdifferential w.r.t. u of the functional @ : W2(£2 \
I'e; RY) x [®°(I'c) — R. It follows from definition (4.9) that the operator 3, is given by

A€ 0,P(u,z) ifandonlyif 3¢ € ddx(u); Yve W 2(Q2\ Ie;RY) :
(A, v) = / Ce(u) : e(v)dx —l—/ wz[[u]l - [v]dS + (¢, v), (9.7)
2\Ic Ic
where we have introduced for notational convenience the functional Jx : W'2(2 \ I't; RY) — [0, +-00] defined by
I (u) = Ix([u]) its subdifferential 34 : W2(2 \ I'c; RY) = W2(2 \ I'c; RY)*. Notice that d4x = J* o dlk o J, where J
denotes the jump operator J(u) = [u] and J* its adjoint. Now, let us observe that

/ (€, it) ds = L (u(0)) — I w(0)) = Ik ([u©®)1) — e (Tu(©@)1) = 0
0

forall € € L*(0, T; W"2(£2 \ I't; R%)*) such that £(s) € 34k ([u(s)T) fora.a.s € (0, T), (9.8)

by the chain rule for the convex functional Jy (cf. [47, Proposition X1.4.11]), and by (5.4a) and (4.12). Combining (9.6)-(9.8),
we conclude the following inequality for all t € [0, T]

t
@ (u(t), z(t)) — @ (uo, 20) + Varg(z; [0, t]) > / (/ Ce(u) : e(i1) dxds —|—/ kz[ull - T2 dS) ds. (9.9)
0 2 It

We now distinguish the two cases o = 0and o > 0.
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Case o > 0: arguing by comparison in (4.13) we may readily check that ii € [2(0, T; W,g’z(.Q \ I'c; RY*), which is in duality
withu € [2(0, T; WI}Z(.Q \ I'c; RY)). As pointed out in Remark 5.4, this entails that i is an admissible test function for the
momentum balance inclusion (4.13) (notice that, since K (x) is a linear subspace of R? for almost all x € I'¢, we also have
[t] > 0on X¢). Further, (4.13) is equivalent to (5.9), cf. Remark 5.2. Then, upon testing (5.9) by i and again using (9.8) we
conclude for all t € [0, T] that

t t t
Q/ li(t)|? dx —|—/ / De(1l) : e(t1) dxds +/ / Ce(u) : e(u1) dxds +f / kz[[u]] - [u] dSds
2 2 0 2 0 2 0 Ic

t
= g/ |i10|2dx+/ (/ @(z?)IB:e(it)dx—i—/ F-idx+ f-ﬂdS) ds. (9.10)
2 Je 0o \Je 2 I

Combining (9.10) with (9.9), we get the reverse of the mechanical energy inequality, which leads to the desired mechanical
energy equality.

Case o = 0: From the previously proved estimates, one can see that the functional
L:v— / F - vdxdt 4+ f-vdSdt — / (De(u) + Ce(u) — IB%@(#)) e(v) dxdt — / kz[[u]] - [vldSdt  (9.11)
Q N Q Zc

isin I2(0, T; WY2(2 \ I'c; RY*), and fulfils (cf. (4.13))

T
/IK([[U]])detZ/ IK([[u]])det—i-/ (¢, v —u) dt. (9.12)
Xc Xc 0

Hence, £(t) € 04k ([[u(t)]]) for almost all t € (0, T). Thus, (9.8) yields fot (¢,i)yds = O forallt € [0, T], which is just
relation (9.10) with o = 0. Again, we combine the latter with (9.9), and conclude the mechanical energy equality.

Step 5: passage to the limit in the enthalpy equation. It can be developed in the very same way as in the proof of Theorem 6.1.
We point out that, if (5.8) holds, convergence (9.2i) and (6.8) yield for almost all (t,x) € Q the strict positivity of
o(t,x) = O (t, x)).

Step 6: total energy identity. We test the weak formulation (4.16) of the enthalpy equation, by 1, and add it to the mechanical
energy equality. Thus, we conclude the total energy balance (4.14). 0O

Remark 9.1 (Convergence of the Reaction Force). Notice that, if o = 0, there exists S’ > 0 such that, for all ¢ > 0,

(1) ([ueD) - [l dsde| < S,

Zc

J* o () ([ue D)

= su
12(0,T;W12(2\I'c;RY*) P

vl 2 ©O.1:W12(@\rc;rd) <1

which ensues from a comparison in (6.7) by using (9.1) (in spite of the blow-up of the reaction force (Ig) ([u.]) in
L®(0, T; [>(I'¢; RY), cf. (8.4d)). Passing to the limit in (6.7), we can see that, for the subsequence selected in Step 0,
J* o (I£)' ([lue 1) weakly converges in L?(0, T; W'2(2 \ I'c; R%)*) to the function ¢ defined in (9.11).
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