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Es. 1.
Dimostrare che la soluz. (

y 0(t) = sin(t + y2)

y(1) = 0

esiste ed è unica, e che il suo dominio massimale di definizione è R.
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Es. 2.
Studiare al variare di ↵ 2 R esist. locale per

(
y 0 = 3

p
y � t

y(1) = ↵

Riccarda Rossi (Università di Brescia) Studi qualitativi Analisi II 5 / 210

Gw fctiytfft
f e C°CD2) -

Audio be
suddenabilities vsfeeto a y .
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Es. 3.
Determinare l’intervallo massimale di definizione per le soluz. di

(
y 0(t) = t +

p
y2 + 2

y(0) = 1
(
y 0(t) = 1

t � 1 +
p

y2 + 2

y(0) = 1
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Es. 4.
Verif. che la sol. di (

y 0 = (y + 1)3 sin(y)

y(0) = 1
2

è limitata e strettamente crescente.
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Riccarda Rossi (Università di Brescia) Studi qualitativi Analisi II 27 / 210



Riccarda Rossi (Università di Brescia) Studi qualitativi Analisi II 28 / 210
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Es. 5.
Studiare, al variare di ↵ 2 R, la monotonia di sol. di

(
y 0 = arctan(t)ey (y � 1)(y � 2)

y(0) = ↵
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Es. 6.
Dimostrare che la sol. di(

y 0 = �(y � 3) arctan(log(y2 + 1))

y(0) = 1

è definita su tutto R e calcolare

lim
t!�1

y(t) e lim
t!+1

y(t).
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Es. 7.

(
y 0 = �(y � 2) arctan2(y)

y(0) = 1
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Es. 8.
Dato (

y 0 = e�y2
+ t4

y(0) = 0

(1) Dimostrare che esiste un’unica soluzione definita su tutto R
(2) la soluzione y(t) è dispari?
(3) Calcolare lim

t!+1
y(t).
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Es. 9.
Dato (

y 0(t) = arctan(t) (y(t)� arctan(y(t)))

y(0) = y0

studiarne la soluzione al variare del dato y0 2 R.
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Es. 10.
Dato il problema di Cauchy

(
y 0 = arctan(y)

y(0) = ↵

dimostrare che la soluzione

1 è definita su tutto R
2 è strettamente monotona per ↵ 6= 0

3 è convessa se ↵ > 0, concava se ↵ < 0

4 calcolare
lim

t!�1
y(t), lim

t!+1
y(t)
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Riccarda Rossi (Università di Brescia) Studi qualitativi Analisi II 102 / 210
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Es. 11.
Al variare di 0 < ↵ < 2⇡ studiare la soluzione di

(
y 0 = 2 sin(y)

y(0) = ↵
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Es. 12.
Dimostrare che le soluzioni di

(
y 0 = ey sin(y)

y(0) = ↵

sono definite su R per ogni ↵ 2 R.
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Un risultato di prolungamento

Nelle ipotesi del teorema di esistenza e unicità locale, se u è una soluzione
del problema di Cauchy e K ⇢ A un compatto tale che

graf(u) ⇢ K ,

allora il dominio di definizione di u non è massimale.
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Es. 13. (Tema d’esame del 14/01/2013)

Dato il problema di Cauchy

(
y 0 = t 4�y2

y

y(0) = y0

determinare al variare di ↵ 6= 0 se il problema ammette esistenza e unicità
locale e globale. Studiare monotonia, eventuali simmetrie della soluzione, e
i limiti agli estremi del dominio di definizione.
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Riccarda Rossi (Università di Brescia) Studi qualitativi Analisi II 139 / 210

⇒

see ( 0
,

Tmax )
, y 'H>o⇒

ye
'

Crescent

Su ( Tmim ,o )
,

ytttcood
y decreseeute

2

*
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Animals ' ttte ( Tomin
,

Tmax )
,

%.< YH a

⇒ ( Tomin
,

Tma .×)=R I

÷venifee che YH EPARL
,
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Got
,

into deeamdo

2- itty tt )
,

srvewfie die Z resolve

•
Zl

=
t . 4-2-2

{
. zcot yo

F

→ zctt YH !
⇒ yttkyttt Voter
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.

Srecome y I PARI
,

be studio solo

he [ ates )

. Rei monotone
,

Z him yH - 4
t → to

y crescssyodt E - 2

Con dl teen
. Asimoto :

L + = - 2

( per PARUTA'

,
L

-

= - 2)
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- z< yo:-2 < ytH< 0

I
< o

Y
' 'H= t . G=€

> °

yen
< o

signly 't -

srgnlt )
.



Riccarda Rossi (Università di Brescia) Studi qualitativi Analisi II 144 / 210

Y deerescesu ( 0
,

Tmax )

y cresu su ( Tmrm
,

o )

*

⇒ -z<ym< yo
ttcctmim ,Tma×)

⇒ Tmm=→ , Tmax=tes
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•
So grot che y

I PARI

. per r ten
.

asntoto
,

uedw '

cke L + = -2
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Es. 14. (Tema d’esame del 10/04/2011)

Studiare il problema di Cauchy
(
y 0 = log

�
log2(y) + 1

2

�

y(0) = y0

con y0 > e�1/
p
2.
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efttiyhlogclogicyltied .

domcfk Rx ( 0
, to )

↳ none
'

unasina.yanthf.d.aeVertrudel
Z !

.

Grosse

feet CRX catch ) ⇒ ok ten . F ! locale
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Qwmd . Kyo > e- HE he sduz .  e-

def su Amin
,

Tmax )
,

per old now

speufreto.SoluZ.stAhoNARrElogCwg2cdegl_0@shg2CeleMz-1A6g2cg.za.pbo9ccttfas_DaeFzoc.e

- Ha
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G servo 2 soluz - stationaries

ylH=e%2 eylttetrz .

Porche consderaino polo yo > e- kk
,

G saw zotsi

Det"Ey . < eh

ID yo > eeao
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Case etkcy. <
etrz

→ yet ) e ( Eta
,

etvz )
the Amin ,Tmax )

⇒ Tmim= - a ,
Tmax

, to

⇒ log4yiH ) < I
2

⇒ytttlogclogtyctl)te{ ) < 0

→ Ye '
decrement

.
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Per mwnotowa

F ftp.yitt.L .

E ( yo ,e£]
→ F Gm y

'

A) = log ( eights
t→ - A 2

⇒ per Mteor
.

esmto to srdereavere

log ( log
? at that . OH

L
-

=
e%2

s (
.

=
e-

'
K
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L ' uniee possibilities L
-

=ethos .

Aualofemente
,

sr rode ehe

Flim
t → to

Ya = e-

he



Riccarda Rossi (Università di Brescia) Studi qualitativi Analisi II 158 / 210

Convessta / Con can't

y
"

Hkdft y4H=dz (log (log4yHkD
= YYH

. 2log(g.loofcycttt 'E) ylt )
.

Perdu'

eogzcy He g) > 0 e 944>0
,

R
seguo oh '

y
"

drpeude solo dial

seguo di y
'

e di log ( y )
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Rreordoehe y4HeO
→ sign ( y

" )= - srgncwgcy ) )

⇒

yaa, [
se

•8Ifmy÷I
.

EO se logcyttllzo
cos yutzs



Riccarda Rossi (Università di Brescia) Studi qualitativi Analisi II 160 / 210

01 : L
-  =

etro
> s

{ L + = e-
"

a < s

e
y shut . deerescente

dwndi F ! t* ER tale ohe

y ( t* ) = 1
,

es ' he che

. per tcta
, YLH > I ⇒ y con cava

. put > t*
, yutce ⇒ yconvesso
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Case yo > e%s

dwndi ya > ekra lttecmrm ,Tma×)
.

Si redeem

glut > o Ktectnwm .Tma× )

→ yetresante .

C*)
Quimdi e%hYtHsyo the (Tmm ,o]

.

De puerto aoneludoeho Town = - a
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( appbo Meteor
.

sul prohngamuut
delle slide 132

, offure ossowo eke

hocresuta snbemeene Amped
solution

, astute a ( Tmim
,

0 ] )
.

←a dunno share ehetmax.tw
,

Uewfreo encore die ho

Weser he sublimate Angola solution
,

Nstuue a To Imax ) .
Come ?
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. non hu torn one stems a priori sw

ya come invea in C* ) -

Den bare lefopietoidi log !

De Ricardo ehelogcyley Ky > o

A)

12 Porche'

ybgm,→ boydHea ,

Vale amehe G)

Far B so : tyecates) bogfcyl s Ayt B
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Qwndi sr he
, Angola solution

ya
,

fct , y HH log ( loafcycthtes

PENeogeqycts ) -4£PugetAy He Bttlz
Pored per yo >

eh a his ohe
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y
' ' ttf Hiya > 0 e you > o

,

hoanchehsdrsnguaglranaeconimwdneiIfctryLtH1eAlylA1tBtz10Kcresertasublrneaw@mfEesduhonel.asTmax.t

is
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Con lo stesso onto di fume sr neale

che

y
' '

CH > o Voter

→ y I comesse
.

£ R ten
.

dell
'

asin to to sr rede die

L
-

= line
t → →

YCH =

e%a

L + =
Gm
t → to

Y ( H=  + • ( in Puerto ease

si megionov per
Assuruso )



Il teorema del confronto

Siano u e v le soluzioni di
(
u0 = f (t, u(t)),

u(t0) = y0,

(
v 0 = g(t, v(t)),

v(t0) = y0,

con f e g soddisfacenti le ipotesi del teorema di esistenza e unicità locale.
Supponiamo che

g(t, y) � f (t, y) 8 t 2 I , y 2 R.

Allora
v(t) � u(t) 8 t 2 I , t � t0,

v(t)  u(t) 8 t 2 I , t  t0 .
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Es. 15.

Dimostrare che il dominio massimale di definizione di
(
y 0 = y2 + t2,

y(0) = 0

non è tutto R.
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TES .
Anna ]

f ( try |=y4t2 e e
• CRY

.

Oh Z ! locale

dom ( ft RZ .

,
sivseravohcale

-
ok

his fchy.tt?ey2NNhiecresartow
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snblrmeare !

Won peso appbeere R ten
.

F !

globale .

y I def . su Ctnwm
,

Imax )
.

←mwstno ehey OBBPARL
, woe

'

due

ZCH= - ytt ) concrete con y Ct )
.

Quest seguue
' dalfalto die Z risdveeo

Jesse problem a di Cauchy di
y .
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Tnfalti
Z

' It ) = dgt fyft ) )= t I ) . y 't - t ) a)

= y
' Eth ( y ftp.t ttf

= ( - yft ) 12 + £2

= ZZ ( t ) + t2

e Z lot - y ( 01=0 .

÷no striemo pwnudi che Truax < to

Pee Wspauta avumo anehe Town >
.

 
- a
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Pwadrmentot .
Per asswolo Tmax  =

 to
.

Usemolo R ten
. dell ' esntoto sr olimo 5mg

che
Lt =

Am

qt → to
Y 't ) = + a

che esrste pocket yeiorescente ,

in falti y
' 4) ztzzo tt Eto

,
to )

Graeme yeoto e L+=ta ( e y e

'

continue
,

F t* > 0 tale die

yk*l= 1
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Confront laseluzoneylt )
,

die wsdve

yteeuz|y(t*\=z Con he solution del pb .

i. =gkiz)

di eououy {
t

'
'22

.

Pure ten del
Zctats

Confront
,

srccome

f( try )=t4y2> gctiy )=y2 ,
dedueo

eke yk ) > zct ) ttzta
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Posso vsolrere esplrcitomenle

{
Ettt Eat ( E A var

.

Semrau ! )
ZCt*1=1

e two 2- cH= 1-t*+s - E

Qwndr ho

yHzzu→= 1- 4tzt*
t*ttt

ha line ZCH=  + A
, pwnobaeneluolo

t→H*tsT
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die line
-

ylttt is . Assundo
,

in
t→Ct*tr )

wutneddrzione con oe falto die Imax =t is
.

÷weeolimento2_puassmdolmox.tn .

Dall '

eefwezinedrfferenzrale dedueoche

g.Tie
- 1

- he iiuegno su ogm
'

nlmteurallo dllbe

found Iris ]
,

tszs
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otteug ,
tszs

s - i. fsssdt = µ Y¥ at

4
? Alt E

given
.

%fstjttysdt42++2>-72

= fsoftfff , )dt
staff ,

-

gets ,
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029
,

setmax.eu
, sr he

bms
→ to

Ylsttn come groiossewab .

Quinon MOGEED.GL#tfm )
+ is

Aviv alla couineddr none

+ A - 1

ya ,
-

Assmdo !
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Riccarda Rossi (Università di Brescia) Studi qualitativi Analisi II 181 / 210
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Es. 16.

Studiare (
y 0 = yey

3

y(0) = ↵

al variare di ↵ 2 R.
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-
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Riccarda Rossi (Università di Brescia) Studi qualitativi Analisi II 195 / 210



Es. 17.

Studiare (
y 0 = (ey � 1)(y � 1)

y(0) = ↵

al variare di ↵ 2 R.
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fkiyk ( e 9- D ( y - c) c- @ • CRY
•

Ok F ! eoeale
.

. dom I ftp.2
,

stwsea vertical
.

Ma fuiu he weseitu sublineore in y .

non pnssramo afghan R tee .
Z ! globale .
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Soluz . NTAZIONARLE

ylttottep ( con condiz . d '

Cauchy yeotdi )

YIHES HER ( con

wudiz
. draauehy

ycota . s )
Qwmoh '

consider 3 cnsi

:
- ( 0,1 )

x > s
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LECQ a) →

0 < YLH < s the ( Tmrm
,

Tmax )
.

Allina
, per Mteor

. di tnohngamento ,

Offline ossewaudo eke male llipotesi
dr credits sublime are per f- Hiy IH )

,

dedeeeo ehe

Town  =
- A

1
Tma x=  + is

F studio pualitahio di y At e
' hhseiato

th eserinio .
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4<0 . → y(H< o the Ctmrm Imax )
.

A

EYH - s< o
, yet -1<0 .

A
dedueo eke y

'

't ) > 0 Vtectmrn ,Tma§

Goe
'

ylt ) e. Crescenta
.

dumdi
the ( oilmax ) she eke

a < YH < 0
.

Parted
. dipwlvngq
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Mento ( 0 uagronendo sella aeseita

subhrneare di ttiy H ) )
,

eonelwdoeue

Imax
= -÷

Per euel ehewgueudd Tmrm
,

ossewoelie

lfltiycts ) I= I ( eat '
. 1) ( gutsy

= |eY' +1-111 yet ) - 11 often c s

= ( test 't ) a - gets ) < ( n - y CH )
theme'

y ( H < O < ltly H 1
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llhimoli he eresuta sublrneare

Ange be solution : Tmrm = - A

£ studioqualitative eiloseiab fee
esereizuo
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& > ^ Qumran ytt ) > s tttectmm ,Tma×)

I
y4H > o → yoresunte

→s1<ytH< aged
ttectmrm

,
0 )

th
Town = - a

← wwsino eheTmax< to
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Per assundo Tnuax = to .

Con ilteor
.

dell '
a srutoto sivedeehe

Lt = Gm YIH =

test→ to

( eke esrgfe faded ydoeseeute )

Quinon F t* > o tale due÷H - s > & ( * YH > z ) ttt > to

e9 't 't > zeyat k→ ebit > z )
tt > to
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e pwndi

f C try 1+11 = ( e9 ' H
- i ) ( YIH . i )

Z z,
eyk ) tt > t*

Gutnuto he solution y
del nostro

problem a di aenehy con be sduhoiie

del pb . di aeuehy

{
Ntt 4¥! vglouassuntoday in t*

Z Ctatylta ) =
. y*
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Per Mteor .
del confront , sr he die

YLH 2 ZCH ttzta
.

Caecoeo tat log ( e¥t←t) '

die e- def su
of +  *

,
e-Yea

e to [
e vewfae

tic ↳ + e- y . ) -
had feta ) - to
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durmoli conclude die

him
to ( t* + e- y . ) -

Y Atta
,

coutw rl falto elie Truax
=

 t A
.

Assundo .

F studioqualitative eiloseiah fee
esereizuo
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Es. 18. (ASSEGNATO)

Studiare
(
y 0 = (1� exp(y2))(y � 2) tanh(y � 4) arctan

�
y � 1

5

�

y(0) = ↵

al variare di ↵ 2 R.
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( no aoneaniey
comes site )



Es. 19. (ASSEGNATO)

Studiare (
y 0 = cosh

⇣
t2

6

⌘
+ y arctan(2y)

y(0) = 0
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